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Abstract
Glaciers are considered sensors of the Global Warming. The study of their mass balance is
essential to understand their future behaviour. One of the components of this mass balance
is the loss of water produced by melting, this is known as the glacier discharge. The aim of
this work is to analyse the relationship among the glacier discharge and other meteorological
variables such as temperature, humidity, solar radiation and precipitation, and to find a model
that allow us to forecast future values of the glacier discharge. In Chapter 2, we propose
the use of time-varying copula models for analysing the relationship between air temperature
and glacier discharge, which is clearly non constant and non-linear through time. A bivariate
copula model is defined, where both, the marginal and copula parameters, vary periodically
along time; following a seasonal dynamic. Full Bayesian inference is performed such that the
marginal and copula parameters are estimated in a one single step, in contrast with the usual
two-step approach. Bayesian prediction and model selection are also carried out for the proposed
model such that Bayesian credible intervals can be obtained for the conditional glacier discharge
given a value of the temperature at any time point. In Chapter 3, as a second model, a vine
copula structure is proposed to model the multivariate and nonlinear dependence among the
glacier discharge and the other related meteorological variables. The multivariate distribution
of these variables is divided in four cases according to the presence or not of positive discharge
and/or positive precipitation. Then, each different case is modelled with a vine copula. Seasonal
effects in this second model are captured by using different parameters for each season. The
conditional probability of zero discharge for given meteorological conditions is obtained from the
proposed joint distribution. Moreover, the structure of the vine copula allows us to derive the
iii
conditional distribution of the glacier discharge for the given meteorological conditions. Three
different prediction methods are used and compared for the future values of the discharge.
In order to improve the second model, Chapter 4 proposes a hierarchical structure where the
relationships between the meteorological variables in each season and in each case are led by
common hyperparameters. Bayesian inference is performed over the hierarchical structure with
the help of Approximate Bayesian Computation (ABC) techniques.
All the proposed methodologies are applied to a large data base collected since 2002 by the
GLACKMA association from a measurement station located in the King George Island in the
Antarctica which records values of the liquid discharge from the Collins glacier.
iv
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Chapter 1
Introduction
1.1 Glaciers
The study of the mass balance in glaciers is crucial for the accurate quantification of water
resources (Hamlet and Lettenmaier (1999); Marsh (1999)). Mass balance is defined as the
difference between accumulation (mainly the fallen snow) and ablation which includes processes
such as sublimation, calving and melting. In particular, most of the liquid water is lost by surface
melting and runoff and surface melting, percolating inside the glacier and exit by the front or the
base. This is known as glacier discharge and it can be defined as the rate of flow of meltwater
through a vertical section perpendicular to the direction of the flow (Cogley et al. (2011)).
The ice melting on the ice cap of the glacier drops into the glacier through the moulins, that
are vertical or nearly vertical shafts (see Fig. 1.1). This liquid water flows through the glacier and
melts the inner ice by friction, increasing the amount of melted water. This flow creates a network
of pipes, galleries and caverns called cryokarst, as the one we can see in Fig. 1.2. When this water
breaks the glacier slope, flows out and produces the glacier discharge.
Glaciers can be classified in three different main types in terms of their thermal condition
(Baranowski and Jurasz (1977); Eraso and Pulina (1994)). First, the polar glaciers where the ice
is always below freezing point from the surface to its bedrock. Second, the subpolar glaciers
1
2 CHAPTER 1. INTRODUCTION
Figure 1.1: Moulin: A deep shaft, nearly vertical and of roughly circular cross section, formed when surface meltwater
enlarges a crack in the ice by transferring kinetic and thermal energy to its walls (Cogley et al. (2011)).
Figure 1.2: Pipe of a cryokarst with the liquid water flowing inside the glacier. This water create the criokarst by
melting friction.
include both ice at freezing point and at below temperature. And third, temperate glaciers which
are around freezing point throughout the year. The polar glaciers have no cryokarst whereas the
subpolar and the temperate glaciers have.
Modelling glacier discharge is a quite important issue in climate and hydrology research
(Jansson et al. (2003); La Frenierre and Mark (2014)). An extensive review of the different
approaches for glacier melt modelling can be found in Hock (2005). These models are usually
classified in two main categories: energy balance models, which evaluate the most important
energy fluxes between the atmosphere and the glacier surface. These fluxes are computed from
physically based calculations (Braun (2001); Sicart et al. (2008)) and try to solve these complex
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equationsandmeasurementsrelatingthegainandlossoficeinglaciersystems(Ohmura(2001);
Wilisetal. (2002). Alternatively,temperatureindexmodelsuseonlytheairtemperatureto
empiricalymodelthisrelationship. Acompletereviewoftemperatureindexmethodscanbe
foundinHock(2003).Aleadingformoftemperature-indexmodelsisthesocaleddegree-day
modelwhichisbasedonanassumedlinearrelationshipbetweenablationandairtemperature,
usualyexpressedintheformofpositivetemperaturesums. Therearesomestudiesthat
incorporatemorevariablestothismodel,suchasthedirectsolarradiation(Hock(1999)orthe
albedoandtheshortwaveradiation(Pelicciotietal.(2005).Themainprobleminthistypeof
modelsisthattheyimplicitlyassumealinearrelationshipbetweentemperatureanddischarge,
whichisnotrealisticinpractice.Also,thesemodelsonlytakeintoaccounttheicemeltingonthe
surfacebutnottheoneproducedinsidebyfriction.
GLACKMA,whosenameisanacronymofGLAciares,CrioKarstyMedioAmbiente(Glaciers,
CryokarstandEnvironment),isanassociationwhichpromotesscientiﬁcresearchinthepolar
regions,seehttp://www.glackma.org. Theirresearchershavebeendevelopingaproject
since2001withtheaimofusingtheglaciersasnaturalwarmingsensors,asexplainede.g.in
Hock(2005)andBersetal.(2013). GLACKMAhasimplementedeightstations,caledPilot
ExperimentalCatchmentareas(CPE-CuencaPilotoExperimental)whichareworkingcontinuously
toregisterglacierdischargehourlyvalues.Fig.1.3showsthelocationoftheeightCPE.This
networkincludesdiferentlatitudesinbothhemispheres,whichalowacomparativecontrol
oftheglacierdischargeaccordingtotheevolutionoftheglobal warming. Therearefour
CPEintheNorthHemisphere: CPE-TAR-68N(SwedishArctic),CPE-KVIA-64N(Iceland),
CPE-ALB-79N(Svalbard)andCPE-OBRU-68N(NorthernUralmountains)andfourCPEin
theSouthHemisphere:CPE-KG-62S(InsularAntartic),CPE-HUE-49S(PatagoniaArgentine),
CPE-ZS-51S(PatagoniaChilean)andCPE-VER-65S(AntarcticPeninsula).TheCPElocatedat
Svalbard,InsularAntarcticaandAntarcticPeninsulaareinstaledinsubpolarglacierswhereas
theotherCPEareplacedintemperatedglaciers. TherearetwooftheseCPEthatsharethe
samelatitude,CPE-TAR-68NandCPE-OBRU-68N,buttheyareatdiferentaltitude,1200mand
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450mrespectively,inordertostudytheefectofthealtitudeintheglacierdischarge.GLACKMA
obtains8670recordsperyearfortheglacierdischargeandothermeteorologicalvariablesforeach
oneofthesestations.Theﬁrststation,CPE-ALB-79N,wasinstaledin2001.
Inthisthesis,wewilconcentrateononeofthesestations,namelyCPE-KG-62S,locatedatthe
KingGeorgeIslandneartotheAntarcticPeninsula,wherethereisavailableglacierdischargedata
since2002.TheAntarcticPeninsulaisconsideredasoneoftheRecentRapidRegionalClimate
Warming,whichrefertothoseareaswheretheregionalchanges,duetotheefectoftheGlobal
Warming,havebeendeeperthantheworldwidemean,asnotedbytheIntergovernmentalPanel
onClimateChange(IPCC)(Turneretal.(2005);Vaughanetal.(2002).Periodsofmeltingof
theglaciersinthisareahavebeenincreasingyearbyyear(Dom´ınguezandEraso(2007). As
consequence,therehasbeenaretreatoftheglaciersandchangesintheirheights(R¨uckampetal.
(2011).Also,trendsinsurfacemeltinghavebeenfound(Barrandetal.(2013).KingGeorgeis
thelargestoftheSouthShetlandIslands,whichisanarchipelagoplacednearofthecoastofthe
AntarcticPeninsulaintheSouthernOcean.ColinsGlacier,witharound km,coversmost
oftheKingGeorgeIslandexceptthesouth-westernendoftheisland,wheretheFildesPeninsula
islocated.SeeBraun(2001)foracompletedescriptionoftheisland.
Morespeciﬁcaly,the GLACKMA measuringstationisinstaledinacanyonnearthe
UruguayanBaseArtigas(6211’03”S,5854’41”W).ThestudyareaislocatedattheSSWsideof
icecapColins,knownasSmalerDomeorBelinsghausenDome.ColinsGlacierhasalmostalof
KingGeorgeislandsurface.Thehydrologicaldischargecreatesaﬂuvialnetworksetupbynine
springsthatﬂowintobothsidesofthecoast.Thecatchmentareaislocatedinthesouthslope
thathasﬁvespringsthatdischargetheirwaterintoasmallake.Thislagoonﬂowsintotheseaby
asinglestream,themeasuringstationCPE-KG-62Sislocatedinthisstream.Theseﬁvesprings
drainwaterfromacatchmentareawithatotalsurfaceof km,whichcomprises kmof
glaciersurface, kmofperipheralmoraineand kmofﬂuvialsurface.
Theglacierdischargeiscalculatedfromtheriverlevelusingacalibrationfunctionwhich
wasdeterminedinseveralcampaignsofgaugings(Dom´ınguez(2004).Inordertocomparethe
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Figure1.3:LocationoftheeightExperimentalCatchmentAreasthatGLACKMAhasimplemented.
measurementsofdiferentCPE,theglacierdischargeisdividedbythesurfaceoftheglaciericecap
toobtainthespeciﬁcglacierdischargethatismeasuredin .Foradetaileddescription
seeDom´ınguezetal.(2004)andDom´ınguezandEraso(2007).
1.2 Studyareaanddatadescription
TheGLACKMAmonitoringstationwasinstaledinJanuaryof2002andconsistedofasounder
withsensorsforwatertemperature,conductivityandriverlevel. Aftertwoyearsofhourly
registrations,thehardmeteorologicalconditionsduringtheaustralwinterin2003causedaseries
ofinvalidrecords.Anewhigh-qualitysounderwasthensetupwhich,althoughitonlyregisters
valuesfromtheriverlevel,itismuchmoreresistantunderextremeconditions. Theglacier
discharge,measuredin ,canbeaccuratelyestimatedasanexponentialfunction
oftheriverlevelusingaclassicalregressionﬁtwith (Dom´ınguezandEraso(2007);
Go´mezetal.(2017).Also,wehaveselectedacolectionofmeteorologicalvariablesascovariates.
T:Meandailyairtemperature .
H:Meandailypercentageofhumidity( ).
R:Meandailysolarradiation( ).
P:Dailyaccumulatedprecipitation( )
D:Meandailyspeciﬁcglacierdischarge( ).
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Figure1.4:LeftpanelshowsthelocationofKingGeorgeIslandintheAntarctica. Centralpanelshowstheisland,
mostlycoveredbyColinsglacier.RightpanelzoomsinthelocationoftheCPE-KG-62 Sstation,indicatedwithared
arrow.SeeBraunetal.(2002).
Thesemeteorologicaldatahavebeenprovided,viaGLACKMA,bytheBelinghausenRussian
baselocatedat4kmfromtheCPE-KG-62Sstation.Fig.1.4showsthestudyarea,locatedinthe
southwestsideoftheKingGeorgeisland,whereGLACKMAhasplacedthisPilotExperimental
CatchmentArea.TheavailabledataforthisprojectarefromOctober1st2002toSeptember30th
2012,withamissingdatayearfortherecordsofthedischarge,fromDecember1st2003toJune
30th2004(213consecutivemissingvalues).
Apreliminarystudyofthesedatashowsthatdischargeandprecipitationhavealargenumber
ofzero-values.Inparticular,thevalueofthedischargewaszeroin oftheobserveddays,
becauseofthefactthattheCPEisinasubpolarglacierthatonlyhasdischargefromlatespringto
lateautumn.Thevalueoftheprecipitationwaszeroin oftheobserveddays.Thisfactwil
beadeﬁniteimpactinthedesignofthediferentmodels.Table1.1showsthesummarystatistics
andFig.1.9thehistogramsofalthevariables. Observethatthehistogramsareleft-skewed,
exceptfromthepressureandhumidity.Thesolarradiationhasalargestandarddeviationmainly
becauseofthelongdurationofthenightsintheAustral Winter(fromJune21sttoSeptember
21st)contrastedwiththelongdurationofthedaysintheAustralSummer(fromDecember21st
to March21st). Dischargeandprecipitationarenon-negativerandomvariables,radiationisa
positiverandomvariableandhumidityisdeﬁnedfromzeroto100.
Now,weobtainthemeansofeachvariable,foreachhydrologicalyear,whicharedeﬁned
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TEMP HUMI RADI PREC DISC
Min. -23.400 51.750 0.208 0.000 0.000
1stQu. -4.061 83.710 5.291 0.000 0.000
Median -1.120 89.540 22.542 0.700 0.000
Mean -2.216 88.520 31.488 1.889 0.057
3rdQu. 0.620 94.500 50.0000 2.400 0.056
Max. 5.783 100.000 142.083 43.500 1.306
sd 4.079 7.378 30.155 3.097 0.121
Skewness -1.286 -0.690 1.0436 3.699 3.527
Kurtosis 1.784 0.0540 0.423 22.198 18.154
Table 1.1: Summary statistics for the meteorological variables.
YEAR TEMP HUMI RADI PREC DISC Days with Days without
discharge precipitation
2002/2003 -2.1146 89.0945 32.9772 1.2479 0.0415 91 127
2003/2004 -1.8650 88.6885 33.9471 1.2541 NA NA 128
2004/2005 -2.0430 89.3017 31.4728 1.7816 0.0762 164 118
2005/2006 -1.4375 86.7735 33.4981 1.7189 0.0835 187 136
2006/2007 -2.9039 87.2969 31.4728 2.0515 0.0453 129 118
2007/2008 -1.6157 90.8493 31.4993 2.1030 0.0580 149 113
2008/2009 -2.3462 89.0871 28.9791 2.2041 0.0640 178 110
2009/2010 -1.9381 89.1398 30.2111 2.1959 0.0547 181 98
2010/2011 -2.8711 87.1813 31.0315 2.2748 0.0866 145 90
2011/2012 -2.3150 89.3447 31.1831 2.3016 0.0844 139 86
Table 1.2: Sample means for the meteorological variables grouping the days by the hydrological year (from October
1st to September 31st following year). The last two columns are the number of days with discharge and the number of
days without any precipitation, respectively.
from October 1st to September 31st of the following year. These are shown in Table 1.2, the means
of the year 2001/2002 do not appear in the table because the data starts at January 21st, 2002.
Apparently, there is a positive trend in the mean daily discharge since 2006/07. Also, the daily
accumulated precipitation shows an important increase along the years. It seems that there is not
trend in temperatures. Regarding the number of days with discharge, it seems that there is no
trend, however the number of days without precipitation decreases since 2006.
Fig. 1.5 shows the boxplots of the average daily mean glacier discharge divided by 11-day
groups for a smoother description. Regard that there is a clear seasonality pattern. First, we
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Figure 1.5: Boxplots of the average daily glacier discharge from 2002 to 2012 divided in 11-day groups.
observe that during the austral winter, which starts at the end of June, there is almost no glacier
discharge. This produces the previously mentioned large amount of zero values of the discharge
observations. The period of positive discharge begins at the end of the austral spring, between
November and December. The extreme values which appear during this initial discharge period
are usually known as “spring events” or “burst” (Warburton and Fenn (1994)), these are brief
and violent episodes produced when the glacier brutally releases a large amount of water. They
generally disappear in a few hours. They are explained by the plasticity of ice: when the previous
year discharge wave finishes and the inner conduits of the glacier stop draining water; they tend
to close by deformation, plugging the horizontal sections of the underground drainage network.
On the other hand, this plugging does not take place in vertical shafts and, by slow percolation,
they can get to fill during the Austral Winter, accumulating a latent hydraulic load that is freed at
the beginning of the following Summer. When the sun rises at the beginning the following Austral
Summer, solar radiation favours the glacier sliding, increasing it. The bottom seal of the vertical
wells, loaded with water, is broken, and a violent discharge of their content is produced. Fig.
1.5 also shows that the maximum values for the daily discharge are observed during the austral
summer, from the end of December to the middle of March. The daily discharge starts to decrease
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Figure 1.6: Boxplots of the average daily temperature from 2002 to 2012 divided in 11-day groups.
with the arrival of the autumn, at the end of March. However, we may also observe extreme
values during this period, which are known as “aftershocks” (Warburton and Fenn (1994)). These
are peaks in the glacier drainage that may appear when the discharge seems to be over and are
typically caused by alternation of cold and heat episodes that cause fluctuations in the habit of
the hydric discharge.
Fig. 1.6 shows the boxplots of the average daily temperatures divided, again, for a smoother
description, by 11-day groups (Whitfield et al. (2002)). As before, we can observe a clear
seasonality effect. Note that the average temperatures are above zero only during the austral
summer, from the middle of December to the middle of March. Also during the summer period,
we can observe less dispersion and more symmetry than in the rest of the year. On the contrary,
temperatures start to decrease with the beginning of autumn and their dispersion increases. They
are almost always below zero during the austral winter, from the end of June to the end of
September, when they present a strong left asymmetry. These plots have been obtained with
the help of the R package seas (Toews et al. (2007)).
Fig. 1.5 and 1.6 also show that there is an apparently clear relationship between temperature
and glacier discharge. Although we can observe that this dependence is apparently not constant
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through time. During the austral winter, when the temperatures are very low, there is no glacier
discharge. However, as commented before, the period of positive discharge starts in spring, when
the temperatures increase, and during the austral summer, the median discharge values reach
their maximum values when the largest values for temperatures are registered. Therefore, it is
clear that there is also a seasonal dynamic in this dependence. This is also illustrated in Fig. 1.7
where the scatterplot for the temperatures and discharges are shown separately for each season.
We can observe that there is a strong dependence in summer that disappears in winter. We can
also observe that this dependence seems not to be linear.
Fig. 1.8 shows the time evolution of the Kendall’s tau over a rolling window of 270 days.
Observe that clearly the dependence is not constant along time, but it evolves in time describing
cycles for each hydrological year. First, note that the coefficient reach their minima values between
July and August which correspond to the Austral winter. In addition, we can observe two maxima
every hydrological year corresponding to the beginning of the discharge periods in November
(spring-events) and to the end of the discharge periods between April and May (aftershocks).
Finally, observe that between these maxima the dependence is larger, as we expected, given that
it corresponds to the summer time.
Fig. 1.7 also shows the same scatter plots on copula scale. These are obtained using
the empirical cumulative distribution function evaluated at the observed temperatures and
discharges for each season. Observe that the support of the copula function does not cover the
whole unit square in some seasons due to the zero values observed in the glacier discharge.
Fig. 1.9 shows the scatter plot of each pair of all the variables and the histogram of each
individual one for those days when the discharge was positive. Apparently, there are strong
relationships between the variables although these seem not to be linear. The lower panel shows
the tau-rank correlations,whose size is proportional to its absolute value, between each pair of
variables. Then, we suggest the use of copulas to model these non-linear relationships.
CHAPTER 1. INTRODUCTION 11
−20 −15 −10 −5 0 5
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
1.
2
Oct − Dec (Spring)
Temperature (ºC)
D
is
ch
ar
ge
 (m
3/
se
c 
km
2)
−20 −15 −10 −5 0 5
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
1.
2
Jan−Mar (Summer)
Temperature (ºC)
D
is
ch
ar
ge
 (m
3/
se
c 
km
2)
−20 −15 −10 −5 0 5
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
1.
2
Apr−Jun (Autumn)
Temperature (ºC)
D
is
ch
ar
ge
 (m
3/
se
c 
km
2)
−20 −15 −10 −5 0 5
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
1.
2
Jul−Sep (Winter)
Temperature (ºC)
D
is
ch
ar
ge
 (m
3/
se
c 
km
2)
0.0 0.2 0.4 0.6 0.8 1.0
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
temperature
di
sc
ha
rg
e
0.0 0.2 0.4 0.6 0.8 1.0
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
temperature
di
sc
ha
rg
e
0.0 0.2 0.4 0.6 0.8 1.0
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
temperature
di
sc
ha
rg
e
0.0 0.2 0.4 0.6 0.8 1.0
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
temperature
di
sc
ha
rg
e
Figure 1.7: Scatter plots for the daily average temperatures and discharge in each season. The bottom line is for the
scatter plots on copula scale with the use of the empirical distribution functions.
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Figure 1.8: Kendall’s tau of daily specific glacier discharge and average temperature. Taking a rolling window of 270
days.
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Figure1.9:Scaterplot,histogramsandKendal’s oftheﬁvevariableswhenthevaluesofthedischargearelarger
thanzero.Sizeofthevaluesofthe isproportionaltoitsabsolutevalue.
1.3 Copulas
1.3.1 Introduction
Commoncharacteristicsofmultivariatedataincludeheavytails,nonlineardependenciesand
nonstationarity,thatsuggestnottouseGaussianmultivariatemodels. Copulasarestatistical
instrumentsthatletusto modeltherelationshipamongthevariablesindependentlyofthe
marginaldistributionchoice(GenestandFavre(2007).Inthelastyears,copulashavebecome
afrequentlyusedtooltomodelthenonlinearandnonstationaritydependence,sincetheyalow
formodelingdependenceamongrandomvariablesinaneasyconceptualway. Althoughthe
copulaconceptappearsbythelate50s,thecomputerdevelopmentinthelastdecadeshascaused
afastgrowthofthenumberofscientiﬁcpapersrelatedwithcopulas.Inthelastﬁveyears,more
than3000papersrelatedwithcopulashavebeenpublishedwithaconstantyear-on-yeargrowth
and,approximately,tenpercentofthesepublicationsarerelatedwithenvironmentalsciences.
SeeNelsen(2007)andRomeraandMolanes(2008)asextensivereviewsaboutcopulas.
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Sklar(1959)usedthetermcopulaﬁrstlyinaFrenchpaper,folowedbyasimilarEnglishpaper
(Sklar(1973)andcomesfromtheLatinwordcopularethatmeanstojointortoconnect.Thebasic
ideaofcopulasistoseparatethedependencestructureamongthevariablesfromtheirmarginal
distributionfunctions.Alternatively,copulascanbeviewedasawaytoconnectthedependence
structurewiththemarginaldistributionfunctionsusingtheSklar’stheorem.Moreover,diferent
copulascanbeusedtoconnectpreviouslydeﬁned marginaldistributionstodeﬁnediferent
multivariatedistributionswithdistinctdependencestructures.
Copulashavebeenwidelyusedinmanydiferentﬁelds.Inclimateandweatherresearch
(SchoelzelandFriederichs(2008);CongandBrady(2012),inhydrology(GenestandFavre
(2007).RecommendedreadingsaboutthistopicareEmbrechts(2009),GenestandFavre(2007).
Paton(2009)reviewstheuseofcopulasineconometricmodelsandGenestetal.(2009)providean
interestingbibliometricoverview.StandardmonographisJoe(1997).RosenbergandSchuermann
(2006)showanapproachbasedoncopulasformanagementriskwithheavytailedasymmetry
data.
Copulasprovideagoodtooltomodeltheportfolioassetswithbeterresultsthantheapproach
basedoncrosscorrelation.Koleetal.(2007)analyzestheimportanceofselectingaprecisecopula
andintroduceanextensionofthestandardgood-of-ﬁtteststocopulas.Inmostoftheseworks,
copulamodelsarestatic,thatis,theirparametersremainconstantalongtime. Time-varying
copulashavebeenwidelyusedinﬁnance(Paton(2012);AusinandLopes(2010);Mannerand
Reznikova(2012)but,uptoourknowledge,theiruseisverylimitedinhydrologicalresearch.
1.3.2 Copuladeﬁnitionandproperties
Let berandomvariables with marginaldistributionfunctions ,andjoint
distribution then,Sklar’stheoremprovesthatitexistsad-dimensionalcopula suchthat
(1.1)
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Conversely,if isa-dimensionalcopulaand arecontinuousdistributionfunctions,
then isajointdistributionfunctionwithmarginalfunctions
Acopulaisadistributionfunctionbydeﬁnition,ifthisfunctionisderivable,wecancalculate
thecopuladensityasusual,
(1.2)
where arethemarginaldensityfunctionsof
ObservethattheSklar’stheoremletustodeﬁnejointdistributionfunctionsintwosteps.
Firstly, wespecifythe marginaldistributionsofeachvariableand,secondly, wejointthem
throughacopulafunctionwhichmodelsthedependencestructureamongthevariables.
Ifthemarginaldistributionfunctionsarecontinuous,itcanbeprovedthatthecopulafunction
isunique.Otherwise,thereexistsacopulafunctionbutitisnotunique(Embrechtsetal.(2005).
1.3.3 Dependencemeasures
Diferentmeasuresofdependencehavebeenintroducedintheliteraturetoquantifythedegreeof
relationshipbetweentworandomvariables.ExamplesarePearson’slinearcorrelationcoefﬁcient
andtherankcorrelationsofKendalandSpearman. Ascommentedpreviously,thecopulaof
amultivariatedistributiondescribesthedependencestructurebetweenitsvariables.Thus,itis
veryconvenienttoexpressthedependenceintermsoftheunderlyingcopula,butthisisonly
possibleifthedependencemeasureisinvariantunderstrictlyincreasingtransformations.The
Pearsonlinearcorrelationcannotbeexpressedasfunctionoftheunderlyingcopulabecauseit
doesnotverifythiscondition.
Both,thecoefﬁcientsofKendal andSpearman, measureakindofdependencecaled
concordance.Apairofrandomvariablesissaidtobeconcordantiflarge(smal)valuesofone
variabletendtobeassociatedwithlarge(smal)valuesoftheother. Moreformaly,if
and aretwoobservationsfromavector wewilsaythattheyareconcordantif
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PopulationKendal’scoefﬁcient, ,isdeﬁnedasthediferencebetweentheprobabilityof
concordanceanddiscordanceof and ,thenwewilhave:
where and areindependentvectorsofrandomvariableswithjointdistribution
function
Intheotherhand,Spearman’scoefﬁcient, ,isdeﬁnedasthelinearcorrelationbetween
and ,thus:
where,again,
GenestandRivest(1993)introducedamethodformeasurethedependence,the-function.
The -functionischaracteristicforeachcopulafamilyandisdeﬁnedas:
(1.3)
where istheKendal’sdistributionfunctionforthecopula
withparameter , and isdistributedaccordingto . Comparingempirical
totheoretical-functionsgivesamethodtoselectwhichcopulafamilymightbeappropriateto
describetheobserveddependence.ForArchimedeancopulas,whichwilbedeﬁnedin1.3.4,
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thereisaclosedformexpressionintermsofthegeneratorfunction ofthecopula,
where isthederivativeof . For moredetailsseeSchepsmeier(2010). Forthebivariate
Gaussianandt-copulanoclosedformexpressionforthetheoretical -functionexists,althoughit
canbesimulated.
Anotherrank-basedgraphicaltoolforvisualizingdependenceistheK-plot.Itshowsthe
empiricalinformationand,superimposedonthegraphthereisastraightlinecorrespondingto
thecaseofindependenceandasmoothcurveassociatedwithperfectpositivedependence,the
proximityofempiricalpointstothatlinesindicatesthecorrelationbetweenthepoints. More
detailedinformationcanbefoundinGenestandFavre(2007).
1.3.4 FamiliesofCopulas
Themostsimpleexamplesofcopulasarethosethatmodelextremecasesofindependenceand
perfectpositiveornegativedependencebetweenthevariables.Theindependencecopulaisgiven
by:
wherethejointdistributionistheproductofthemarginaldistributionfunctionsofeachvariable.
Intheoppositeside,wehaveperfectpositivedependence,throughthesocaledcomonocity
copulawhichisgivenby,
Inthebivariatecasewecanhaveperfectnegativedependence. Thecopulathatmodelsthis
situationiscaledcountercomonocitycopulaanditsexpressionis:
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Figure1.10:Densityfunction(left),scaterplotof (middle)andscaterplotof (right)ofabivariate
randomvariablewhosemarginaldistributionsarestandardGaussianandtheirdependenceismodeledbyaGaussian
copulawithparameter ,correspondingto
Themostfamousfamilyofcopulasistheclassofelipticofcopulas,whichusetherelationship
thatexistsinthemultivariateelipticdistributionfunctions.Inthisfamily,wehavetheGaussian
copula,whoseexpressioninthebivariatecaseis
(1.4)
where isthestandardGaussiandistributionfunction, thestandardGaussianbivariate
distributionfunctionwithcorrelation Ifthe marginalfunctionsarealsonormal,thisjoint
bivariatedistributionwilbethebivariateGaussiandistribution.Fig.1.10showsthedensity
functionandscaterplotofabivariateGaussiancopula.Italsoshowsthescaterplotofasample
fromajointdistributionwithstandardGaussianmarginaldistributionsandaGaussianCopula,
whichobviouslycorrespondstoabivariateGaussiandistribution.
Anothercopulafromtheelipticcopulafamilyisobtained withthebivariatet-Student
structure,itisnamedthet-copulaandcanbeexpressedas
(1.5)
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where isthebivariatet-Studentdistributionfunction with degreesoffreedomand
correlation , istheunivariatedistributionfunctionofat-Studentdistributionwith degrees
offreedomandcorrelation .
Theparametriccopulasmostusedbelongtothefamilyofarchimedeancopulasthatcapturea
greatvarietyofdependencestructures.Thearchimedeancopulasarebuiltfromacontinuous
strictlydecreasingfunction namedthecopulageneratorfunction. The
archimedeancopulaintermsofitsgeneratorfunctionisgivenby,
Inthiskindofcopulas,wehavetheGumbelcopula,whoseexpressionis,
(1.6)
where .If thiscopulacoincideswiththeindependencecopulaandif ,the
Gumbelcopulatendstothecomonocitycopula. OneofthemainadvantagesoftheGumbel
copulaisthatitalowsforrighttaildependence(Embrechtsetal.(2001).Fig.1.11ilustratesthis
copula.AnotherexampleofarchimedeancopulaistheClaytoncopula,thatisdeﬁnedby
anditisshowninFig.1.12.Thiscopulaisdeﬁnedfor butdiferentform0.If it
coincideswiththeindependencecopula,andfor itcoincideswiththecountercomonocity
copula.AnothercaseistheFrankcopula,whichfunctionis:
andwhichdensityfunctionandscaterplotaredrawninFig.1.13,theparameterforthiscopula
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Figure1.11:Densityfunction(left),scaterplotof (middle)andscaterplotof (right)ofabivariate
randomvariablewhosemarginaldistributionsarestandardnormalanditsdependenceismodelbyaGumbelcopula
withdependenceparameter ,correspondingto
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Figure1.12:Densityfunction(left),scaterplotof (middle)andscaterplotof (right)ofabivariate
randomvariablewhosemarginaldistributionsarestandardnormalanditsdependenceismodelbyaClaytoncopula
withdependenceparameter ,correspondingto
canbeanyrealnumberexceptzero,ithasmoresymmetrythanpreviouscopulasandhaspeaks
inrightupperandleftlowerof ,althoughtheyarelesspronouncedthanintheprevious
copulas.Finaly,wehavetheJoecopula,whoseexpressionis
andisalsodeﬁnedoranyrealnumberdiferentofzero.
TheArchimedeancopulashaverotatedversionsthatcapturetherelationshipbetweenthe
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Figure1.13:Densityfunction(left),scaterplotofui=φ−1(xi)(middle)andscaterplotofxi(right)ofabivariate
randomvariablewhosemarginaldistributionsarestandardnormalanditsdependenceismodelbyaFrankcopula
withdependenceparameterθ=5.7363,correspondingtoτ=0.5.
Copula Generator Kendal−τ
Gumbel φ=(−log(t))θ τ=1−1θClayton φ=1θ t−θ−1 τ= θθ+2
Frank φ=−loge−θt−1e−θ−1 τ=1−4θ(1−D1(θ))
Joe φ=−loglog(1−(1−t)θ τ=1+ 4θ2 10x·log(x)·(1−x)
2(1−θ)
θ dx
Gaussian τ=2πarcsin(θ)
D1(θ)=1θ θ0 xex 1dxisthesocaledDebyefunction.
Table1.3:Archimedeancopulas:CopulageneratorandrelationshipbetweendeKendal−τandthecopulaparameter.
AlsoincludestherelationshipbetweenτandθinaGaussiancopula.
variablesinthediferentcornersoftheunitsquare.Theparametersofthearchimedeancopulas
canbeexpressedintermsoftheKendal−τasitisshowninTable1.3,whichalsoshowsthe
generatorfunctionforeachcopula.
1.3.5 Vinecopulas
Notethatalmostalthepreviouslycitedfamiliesofcopulasarebivariate.Althoughthereexist
multivariateversionsforsomeofthepreviouslycitedcopulas,weprefervinecopulasbecause
theyareﬂexiblestructuresthatdecomposeanymultivariatecopulainasetofbivariatecopulas,
andtheyareusefultoanalyzetherelationshipamongmorethantwovariables.Joe(1997)wasthe
ﬁrstinsuggestingthisapproximation,whereasBedfordandCooke(2001)introducedagraphical
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structure,caledregularvinestructure,tohelptoorganizethediferentpairsofcopulas. More
speciﬁcaly,avinecopulafor variablesisastructurecomposedof trees,wheretheedges
ofonetreearethenodesofthenexttree.Diferentbivariatecopulascanbeselectedforeachedge,
introducingmoreﬂexibility.Inparticular,wewilconsiderafamilyofvinecopulas,knownas
canonicalvines(c-vine),whereineachtreethereisalwaysanodethatisconnectedtoalother.
Aasetal.(2009)calpaircopulastothebivariatecopulasandpaircopulaconstructions(PPCs)to
thevinecopulas.SeeHafetal.(2010)forareview.
Multivariatedistributionscanbedecomposedrecursivelyasaproductofconditionaldistribu-
tions.Ifwehave ,asetofrandomvariableswithjointdistribution andjointdensity
function. Wecanconsiderthedecomposition:
(1.7)
where istheconditionaldistributionfunctionand istheconditionaldensity
function.Also,usingSklar’stheorem(1.1)indimensiontwo,wecanobtain,
(1.8)
where isthebivariatecopuladensityfunctionthatmodelsthedependancebetween and
.Usingtheequation(1.8),wecanexpresstheconditionaldistributionfunctionof given
as,
(1.9)
Then,usingtheexpression(1.9)inarecursive way, we mayconstructtheconditional
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distributionof given :
where,tosimplifynotation,wehavedenoted,
Usingthisexpressionin(1.7)andtaking and wehavethat:
AccordingtoBedfordandCooke(2001),thisstructureiscaledcanonicalvinedistributionor
C-vine.Forexample,theconstructionofaC-vinecopulafor is
(1.10)
BytheSklartheorem(1.1)weknowthat
(1.11)
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and
(1.12)
and
(1.13)
where
andreplacing(1.11),(1.12)and(1.13)in(1.10),thefour-dimensionaljointdensitycanthereforebe
representedintermsofdensityofbivariatecopulas.
BedfordandCooke(2001)sawthattheycoulddrawthesepair-copuladecompositionswitha
sequenceofconnectednodesthatiscaledvinetree,wheretheedgesbetweentwonodesindicate
theindicesusedforthecopulamarginaldensities.Fig.1.14showsthegraphicalrepresentation
ofaC-vinecopulawhosedensityfunctionisgivenby:
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Figure1.14:C-vinecopularepresentationforthecaseofm=5
Vinecopulashavebeensuccessfulyusedinafewnumberofpapersinhydrology. For
example,Gyasi-AgyeiandMelching(2012)modeltheinternaldependencestructurebetweennet
stormeventdepth,maximumwetperiodsdepth,andthetotalwetperiodsduration.Gyasi-Agyei
(2013) modelsthedependencebetweentotaldepth,totaldurationof wetperiods,andthe
maximumproportionaldepthofawetperiodinarainfaldisaggregationmodel. Xiongetal.
(2015)studythedependencebetweenannualmaximadailydischarge,annualmaxima3-day
ﬂoodvolumeandannualmaxima15-dayﬂoodvolumetounderstandthechange-pointdetection
ofmultivariatehydrologicalseries. Notethatthesepapersdealonlywiththreehydrological
variables.
1.3.6 CopulaClassicalInference
Parametricmodels
Assumethatweobserve data, ,fromamultivariatedistributionwithmarginal
densityfunction ,marginaldistributionfunction for ,andcopula
.ThenusingSklar’stheorem(1.1)andthejointdensityfunction(1.2),wecanget
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thelog-likelihood,thatcanbewritenas,
(1.14)
where
isthelog-likelihoodcontributiontothedependencestructureofcopula ,while
isthelog-likelihoodcontributionofeachmarginal.Notethatundertheassumptionofindepen-
dence,thelog-likelihoodwouldbe .
The MLEisobtainedbymaximizationofthefunction(1.14),butthismaximizationcanbe
verycomplicatedespecialyifwehavetoomanyparameters.Joe(1997)givesanalternativetothe
simultaneousmaximumlikelihoodofmarginalfunctionsandcopulaparametersbysplitingthe
processintotwosteps.Theapproachisgivenbythedecomposition .Thismethod
iscaledInferenceFunctionsfor Margins(IFM).Intheﬁrststep,themarginalparametersare
separatelyestimatedbymaximumlikelihood,asifthevariableswouldbeindependent.Then,in
thesecondstep,weestimatethecopulaparametersthroughthemaximizationof ,plugging-in
theestimatedmarginalparametersbytheoneswehaveestimatedintheﬁrststep,thatis:
1.ObtaintheMLEparametersofthemarginaldistributions
for
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2.ObtaintheMLEparametersofthecopula
Joe(1997)showsthat MLEandIFMmethodsareequivalentsinthecasethatthemarginal
functionsareGaussianandthecopulaistheGaussiancopula.Serﬂing(2009)showsthatIFM
estimatorisconsistentandasymptoticalynormalundertheusualconditionsorregularityinthe
multivariatemodelandintheirmarginalfunctions.
Semiparametricmodels
Theyarebased,again,inthedecomposition First,weestimatethemarginal
functions usingnon-parametrictechniques. Nextweestimatethecopulaparametersbythe
maximizationofthelog-likelihoodofthedependance ,thatis,weneedtomaximize
where arethenon-parametricestimatorsofthemarginalfunctions
GenestandRivest(1993)demonstratethatthissemiparametricestimator, ,isconsistent
andasymptoticalynormalundertheappropriateregularityconditions.Besides,theysuggest
aconsistentestimatorforthevariance-covariancematrixof.
Non-parametricinferenceandempiricalcopulaprocess
Themostpopularnon-parametricproceduresforcopulasarebasedontheinversionformulathat
appearsinDuranteandSempi(2010):
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where isthepseudo-inverseof Thereforeanestimatorofthe
d-copulawilbe:
where isanon-parametricestimatorofthedistributionfunction .Typicaly istakenasthe
empiricaldistributionfunction
andthe areestimatedusingthepseudo-inversefunctions ofthe
univariateempiricaldistributions ortheirreescalatedversions.
Deheuvels(1979)andDeheuvels(1981)establishtheconsistenceandtheasymptoticGaussia-
nityontheempiricalcopulaprocessfor randomvectorsobservationswithindependentmar-
ginalfunctions.Gaenssleretal.(2013)andScailetandFermanian(2002)establishtheconsistence
andasymptoticalnormalityofgeneralcopulaprocesswithcontinuouspartialderivatives.Scailet
andFermanian(2002)alsoshowthat,underregularconditions,theasymptoticalnormalityis
veriﬁedforsmoothedcopulaprocess.Noticethattheempiricalcopulaisnotasmoothfunction.
OnewaytosmooththisempiricalcopulacanbeperformedusingtheBernsteinpolynomials.
ThesecanapproximatethedistributionfunctionsleadingtotheempiricalBernsteincopulaof
SancetaandSatchel(2004).
1.3.7 Bayesianinferenceforcopulas
Parametricinference
Whenthedataarecontinuous,thelikelihoodofnindependentobservations
with distributedas is
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where
aretheparametersofthemarginalmodels.And
isthemarginaldensityof . Mostoftheparametriccopulashaveanalyticalexpressionsfrom
theirdensities thatletustogettheestimationdirectlybymaximumlikelihood.
However,therearecaseswheretheBayesianapproachisbeter:Primarily,ifthemarginal
distributionorthecopulafunctionsarecomplex,itcanbeverydifﬁculttomaximizethelikelihood
directly.OnesolutioncanbetousethedescribedIFMbyJoe(1997).Anotheralternativemethod
istouseaniterativescoringalgorithmlikesuggestSongetal.(2005). Howeverabayesian
alternativeistobuildtheposteriorjointdistribution usingMarkovChainMonteCarlo
methods(MCMC),withtheparameters and generatedindividualyunderaGibbsSamplig
schema,seePitetal.(2006),DosSantosSilvaandLopes(2008)andAusinandLopes(2010).
Secondly,thehierarchicalBayesianapproachgivesgoodresultsinmodelingmultivariate
data. Forexample,Pitetal.(2006)extendthebayesianselectiontocaseswithnon-linear
dependance.AndSmithetal.(2010)usethehierarchicalmodelsforthemarginalfunctionsand
forthejointestimationwherethecopulafunctioncapturesthedependencestructure.
Finaly, whenweareestimatingacopula modeltheobjectiveisoftento makeinference
overthedependencemeasures,thequantilesandfunctionalsoftherandomvariable orits
parameters .Theevaluationoftheposteriordistributionoftheseelementscanbeobtained
directlybyMCMCmethods.
Asanalternativemethodtothe MCMC,wehavetheApproximateBayesianComputation
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(ABC)algorithms.ThenameABCappearedinBeaumontetal.(2002),butthisapproximation
wasﬁrstlydevelopedinTavar´eetal.(1997)andPritchardetal.(1999).SeeBeaumont(2010)
asanextensivereviewaboutABC.Thisalgorithmisbasedinthereplacementofthelikelihood
functionbythesimulationofvaluesfromthemodelwithrandomparametersandthecomparison
ofthesesimulationswiththeobserveddata.Ifthedistancebetweenobservedandsimulated
dataislessthanasmalvalue, ,wechoosetherandomparametersasvaluesoftheposterior
distributionofthemodelparameters.Thedistancebetweenthesetsofdataisveryoftengreater
than,whatproducesabigamountofrejects.However,theuseofsummarystatisticstocompare
theobservedandthesimulateddataimprovesthemethod(Tavar´eetal.(1997). Additionaly,
Beaumontetal.(2002)proposeamethodbasedonregressionforreconstructingtheposterior
sampleoftheparameters.Theregressionisdevelopedonlywiththecandidateparameterswhose
simulationsprovidetheclosestsummarystatistics.Thecandidateparametersarethedependent
variablesandtheobserveddatasummarystatisticsarethecovariates.Theyalsosuggesttogive
moreweighttotheparameterswhosedistancebetweenthesimulationsummarystatisticsand
theonesoftheobserveddataaresmaler.
TurnerandVanZandt(2012)proposethreediferentmethodstoperformtheABC:Rejection
sampling, MCMC-samplingandParticleﬁlter,takingintoaccountthedistance,fromthe
simulationsummarystatisticstotheempiricalsummarystatistics,insteadofthelikelihood.
TurnerandVanZandt(2014)proposeaGibbssamplingmethodasABCmethod.Thisproposed
modelusesthedistancebetweenthesummarystatistics,smoothedbyakernel,insteadofthe
posteriorprobabilityoftheparameterstoobtaintherateacceptance.Asinthecaseoftheclassical
Gibbssampling,theyalsoneedatuningparametertocontroltherateofacceptance.
Non-parametricinference
Accordingto BurdaandProkhorov(2014),theﬂexibilityandfeasibilityofnon-parametric
Bayesianmodelsbasedoninﬁnitekerneldensitieshavereachedhighpopularityevenincomplex
modelingscenarios.However,thesemodelshavebeenrarelyusedinmorethanonedimension
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because, in the multivariate case, there is a large number of parameters to estimate to establish
the dependence among the variables. In their paper, they propose a factorization scheme of
multivariate dependence structures based on the copula modeling framework, whereby each
marginal dimension in the mixing parameter space is modeled separately and the marginal
functions are then linked by a nonparametric random copula function. In particular, they
use one-dimensional Gaussian mixtures for the marginal functions and multivariate Bernstein
polynomial as a link function, under a prior Dirichlet process. They demonstrate that this scheme
suppose an improvement on the accuracy of the estimated density with respect to the obtained
using a Gaussian mixture.
Alternatively, Wu et al. (2014) show a non-parametric Bayesian approach of high dimension
copulas. First, they introduced the skew-normal copula, that is later extended to a infinite mixture
model. The skew-normal copula imposes some limitations over the Gaussian copula. Their
approach is only for the copula function model. It can be considered as a non-parametric bayesian
approach to the Genest and Rivest (1993) ideas.
1.4 Overview of thesis
In this thesis, we focus on copulas based models to show the non-linear and seasonal relationships
among different meteorological variables such as air temperature, percentage of humidity,
solar radiation, precipitation and glacier discharge. The main purpose is to obtain their joint
distribution function. Then, we get the conditional distribution function of the discharge given
the values of the other meteorological variables. The discharge conditional distribution will allow
us to obtain predictive values of the glacier discharge.
Chapter 2 focuses on temperature and discharge and explores their seasonality, not only in
their location, scale or shape but also in their relationship. A parametric copula model is proposed
for the joint distribution. The Bayesian point of view has been performed to make inference over
the model parameters, where all the parameters are estimated in a one single step, in contrast
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with the usual two-step approach. The contents of this Chapter resulted into a paper by Go´mez
et al. (2017), which has been published in Stochastic Environmental Research and Risk Assessment.
Chapter 3 includes into the model the variables of humidity, solar radiation and precipitation
in addition to the temperature and the glacier discharge. In this model, the seasonality is captured
dividing the data in different periods. Moreover, data in each period is split into different
groups to overcome the problem with zero values in discharge and precipitation variables. The
parameters are calculated for each period and group separately. Structures based on c-vine
copulas have been selected to model the multivariate relationship among these variables. In
this Chapter, classical inference, based on mle, is preferred to make inference over the model
parameters. The contents of this Chapter resulted into a working paper by Go´mez et al. (2016).
Finally, Chapter 4 supposes that the relationships between the variables are not independent
in each period and each group. Then, a hierarchical model is proposed, where the relationship
between each pair of variables is led by common hyperparameter, independently of the period
or group they belong. Again, the Bayesian point of view is used to make inference over the
parameter of this model. The ABC technics have been selected in this occasion.

Chapter2
Seasonalcopulamodelsfortheanalysis
ofglacierdischarge
InthisChapter, wepresentageneral modeltodescribethejointseasonaldynamicsforthe
temperatureandtheglacierdischarge. Firstly,wedeﬁneseparatelythemarginalmodelsfor
thetemperatureandtheglacierdischargeusingtime-varyingperiodicdistributions.Then,we
describetheseasonaldependenceusingatime-varyingcopulamodelwhoseparametersvary
periodicalyalongtime.
2.1 Proposedmodel
2.1.1 Marginaldistributions
Fig.1.6showstheyearlyseasonalityofthedailytemperatureateachday,whichwilbedenoted
by .Inordertoapproximatethisseasonalbehavior,weassumethatthedistributionof
changesperiodicalythroughtimewithalocationparameter, ,givenby:
(2.1)
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where istheannualperiodiccycle.Observethatthisisanapproximationbyapartial
sumofatrigonometricFourierserieswith terms,wherethefundamentalfrequencyis ,the
amplitudeparametersare ,where ,andthephaseangleparameters
are ,where .Notethateachanglephase, ,isonlydeﬁnedin
thesemi-unitcircle since:
Fig. 1.6showsthatnotonlythemeanoftemperaturevariesperiodicalyalongtime,but
alsothevarianceandpossibly,theshapeofthedistribution.Therefore,wecanassumethatthe
parametersof ofscale, ,andshape, ,alsovaryperiodicalyalongtimesuchthat,
(2.2)
where
aretheamplitudeparametersforthescaleandshape,respectively,where and and
isthesamevectorofphaseparametersdeﬁnedin(2.1)forthetime-varyinglocation.Notethat
itmakessensetoassumethatthephasevectoristhesameforthelocation,shapeandscale,since
weexpectthesamedynamicsforthethreeparameterssuchthat,forexample,whenthelocation
increases,thescaleandshapedecreases.Notealsothatin(2.2),wehavemodeledthelogarithm
ofthescaleparameter, ,toavoidthatittakesnegativevalues.Therefore,thesetofparameters
forthemarginaldistributionfunctionofthetemperatureisgivenby and
thenumberofFourierterms, .
Oncewehavedeﬁnedtheperiodicpaternforthelocation,scaleandshapeparameters,itis
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necessarytospecifyadistributionmodelforthetime-varyingtemperature, .Forexample,we
mayassumeaskewednormaldistribution, (Azzalini(1985),whosedensity
isgivenby,
(2.3)
where and denotethepdfandcdfofastandardGaussiandistribution.Notethatwhen ,
weobtainthesymmetricGaussianmodel, .
Alternatively, wecanconsiderageneralizedextremevaluedistribution modelforthe
temperature, (Embrechtsetal.(2013),whosedensityisgivenby,
(2.4)
for when andfor when .Thisisaveryﬂexible
distributionwhichincludesthe Weibul( ),theGumbel( )andtheFrechet( )
distributionsasparticularcases.
Thereare manyotherpossibilitiesthatcouldbeconsideredto modelthetemperature
distribution.InSection2.2,weexplainhowtoundertakemodelselectionforthedistribution
modelandforthenumberofFouriertermsfromaBayesianperspective.
Fig.1.5showsthatthedailydischargealsohasaseasonalbehavior.Then,wedeﬁneaperiodic
timeseriesmodelfortheaveragedailydischargeateachday,whichwilbedenotedby .As
before,weapproximatetheseasonaldynamicsforthelocation, ,andscale, ,parametersof
usingpartialsumsofFourierseries:
(2.5)
(2.6)
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where
aretheamplitudeparametersforthelocationandscaleparametersand ,
,isthevectorofphaseparameters.Thus,thevectorofparametersfortheglacier
dischargeisgivenby andthenumberofFourierterms, .
Clearly,wecouldalsodeﬁneasimilarperiodicdynamicfortheshapeparameter.However,
forsimplicity,wewilonlyconsiderpositiverandomvariableswithtwoparameterstomodel
theglacierdischarge.Forexample,wemayassumeaLog-Normaldistributionfortheglacier
dischargewhosedensityisgivenby,
(2.7)
Alternatively,wecouldassumeaGammadistribution, whosedensityisgiven
by:
(2.8)
wherethemean, andscaleparameter areassumedtofolowtheseasonaldynamics
givenin(2.5)and(2.6),respectively. Ascommentedbefore, modelselectionandparameter
estimationwilbeaddressedinSection2.2.
2.1.2 Copula
AscommentedbeforeanditisshowninFig. 1.8,thedependencebetweenthetemperature
andtheglacierdischargeisnotsteadyalongtime.Thereisastrongdependencebetweenthis
twovariablesintheaustralsummerandthereisalmostnodependenceintheaustralwinter.
Inordertodescribethispatern,inthisSectionwemodelthedependencebetweenthesetwo
variablesusingatime-varyingcopulamodel.Morespeciﬁcaly,weassumethattheKendal’stau
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coefﬁcient, ,folowsaseasonaldynamicdescribedbyaperiodicfunctiongivenby,
(2.9)
where , ,aretheamplitudeparametersand ,
,arethephaseparametersofthetime-varyingtaurankcorrelationparameter.Now
theanglephase, ,isdeﬁnedintheunitcircle since:
moreover,weimposetherestrictions and toensurethat isalwaysinthe
interval .Thismakessensesincethedependencebetweenthetemperatureandthedischarge
wilneverbenegative.Thus,thevectorofparametersforthecopulaisgivenby
andthenumberofFourierterms, .
Diferentcopulamodelscouldbeused.Forexample,wemightconsiderthatthedependence
structureisdeﬁnedbyatime-varyingGumbelcopula,thatistheGumbelcopulain(1.6)where
itsparametervaryovertime.Thecopulaisevaluatedat and ,
where and arethemarginaldistributionfunctionsfor and ,respectively,attime,
asitisshowninTable1.3,andthedynamicsof arespeciﬁedin(2.9).Similarly,we
couldconsidermanyotherparametriccopulamodelswithtime-varyingtaucorrelation,suchas
theGaussiancopula(1.4),thatdonotalowfortaildependence,wherethecopulaparameteris
.AnotheralternativewouldbetoassumeaStudent-tcopula(1.5),wherethecopula
parameteris . However,thiscopulamodelimposesymmetrictaildependence,
whichdoesnotseemrealisticinthiscontext,andwouldalsorequiretoestimatethedegreesof
freedomasanadditionalparameter.
Therefore,assumingthatthenumberoftermsineachFouriersumisknown,thejointdensity
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functionforthetemperatureandtheglacierdischargeattime wilbegivenby,
(2.10)
where and representthemarginaldensityfunctionsofthetemperatureandtheglacier
discharge,respectively,thatcanbespeciﬁedforexampleusingthedistributionmodelsgivenin
(2.3)or(2.4)and(2.7)or(2.8),respectively,andwhere representsthecopuladensityfunction
whosecorrespondingcumulativedistributionfunctioncanbespeciﬁedforexampleusing(1.6),
(1.4)or(1.5).
2.2 Inference,predictionandmodelselection
2.2.1 Inference
Considernowtheobserveddataseries,
whichprovidesthedailytemperatureanddischargemeasurementsduring days.Giventhese
data,wewouldliketomakeinferenceonthemodelparameters, .InthisSection,
weﬁrstassumethatthedistributionmodelsforthemarginaldistributionsandthecopulaare
known.AlsothenumberoftermsintheFourierapproximations, , and ,aresupposedto
beknown.Later,inSubsection(2.2.3),wewilexplainhowtoperformBayesianmodelselection
toselectalofthem,thedistributionfunctions,thecopulafamilyandthenumberofFourierterms.
Ifthedatasetwerecomplete,thelikelihoodfunctionwouldbejusttheproductofthejoint
densityfunctions,(2.10),foreach .However,ascommentedinthedatadescription,
duringthehydrologicalyear2003/04,itwasnotpossibletoregistermeasurementsfortheglacier
dischargesincetheexternaldata-loggersuferedﬂawsduetothehardmeteorologicalconditions
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duringthewinter months. Thesevalueswilbetreatedas missingdata.Inaddition,there
isalargeamountofglacierdischargevaluesthatarerecordedaszero. Consideringthatthe
glacierdischargeismeasuredasafunctionoftheriverlevel,thesezerovaluescanberegarded
asleft-censoredobservationssincetheyareactualysmalerthanaminimumvalue, ,below
whichitisnotpossibletoregisteranydischargevalue.Weareassumingthattheglacierdischarge
valuesinthesecasesaresosmalthattheycannotberegisteredaccurately.
Therefore,thelikelihoodfunctionforthemodelparametersisgivenby,
(2.11)
where representsa missingdischargevalues whicharenotavailable. Theconditional
probabilityfortheglacierdischargecanbeobtainedas,
where representsthepartialderivativeofthecopuladistributionfunctionasdescribed,for
example,inVenter(2002),
Notethatthesecorrespondtotheso-caledh-functionsdeﬁnedinAasetal.(2009).Forexample,
fortheparticularcaseofaGumbelcopula,itisobtainedthat,
where istheGumbelcopuladistributionfunctiongivenin(1.6). Andforthe
Gaussiancopula,the functioncanbeexpressedas
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where denotestheGaussiandensityfunctionwithmean andvariance ,and
denotesthestandardGaussiandensityfunction.
InordertoperformBayesianinference,wemustdeﬁnepriordistributionsforthemodel
parameters, . Weimposeproperbutnoninformativepriordistributionsasfolows.Foreach
amplitudeparameter, , weassumealargevarianceGaussianprior ,for
, and .Foreachphaseparameter, ,weassumea
uniformsemicircularvariablein ,for and anduniformcircular
variablein ,for and .
Giventhesepriorsandthelikelihoodspeciﬁedin(2.11),itisnotstraightforwardtoderive
analyticalytheposteriordistribution, .Therefore,weuseMCMCsamplingstrategies
inordertoobtainasamplefromthejointposteriordistributionoftheparameters,whichwil
alowustodevelopBayesianinference.WeproposeaGibbssamplingschemawhichiscarriedout
bycyclingrepeatedlythroughdrawsofeachparameterconditionalontheremainingparameters
(Tierney(1994). Inparticular, weselecttheRandom Walk Metropolis Hastings(RWMH)
algorithmforsamplingfromtheconditionalposteriordistributionofthemodelparameters. We
useasimpleone-dimensionalRWMHwhereeachmodelparameterisupdatedseparatelyusing
normalcandidatedistributionswhosemeanisgivenbythepreviousvalueofeachparameterin
thealgorithmandwhosevariancecanbecalibratedtoobtaingoodacceptancerates.Thedetails
oftheproposedalgorithmareexplainedintheAppendixA.
2.2.2 Prediction
Now,weareinterestedinestimatingthepredictivejointdistributionofthetemperatureand
discharge, ,atanytime.ThiscanbedoneusingMonteCarlosimulationbased
ontheMCMCoutput.Consideraposteriorsampleofsize ofthemodelparameters, ,for
.Then,thevaluesofthetime-varyingparameters, and ,are
knownforeachtime andwecansimulatevaluesfrom asfolows.
Foreach and .
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1.Obtainthecopulaparameter from
2.Simulateavaluefromthecopula:
3.Obtainthepairofvaluesforthetemperatureanddischarge:
Giventhissampleofthejointposteriordistribution,wecanobtainasamplefromthemarginal
predictivedistributionofthetemperaturebyjusttakingthevalues . The
posteriorpredictivemeanand crediblepredictiveintervalscanbeapproximatedusingthe
sample meanforeach andthecorresponding0.025and0.975quantiles. Similarly,wecan
approximatetheposteriorpredictivemeanandpredictiveintervalsfortheglacierdischarge.
Finaly,wewishtoestimatetheconditionalpredictivedistributionoftheglacierdischarge
givenavalueforthetemperature, ,atanytime.Asbefore,thiscanbedone
byMonteCarloapproximationgiventheMCMCoutputasfolows.
Foreach and ,
1.Obtain fromthedistributionselectedforthetemperature,
2.Find suchthat where
3.Set
Therefore,givenasetofobservedtemperatures, ,wecanobtainasampleofthe
conditionalpredictivedistributionofthedischargeforeachtimepoint, .Using
thissample,wecanestimatetheposteriorpredictivemeanand crediblepredictiveintervals
fortheconditionaldischargeusingthesamplemeansandthe0.025and0.975quantilesofthe
sampleasbefore.
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2.2.3 Modelselection
Inordertocomparediferentmodels,weusetheDevianceInformationCriterion(DIC).Models
withsmalerDICshouldbepreferredtomodelswithlargerDIC(Spiegelhalteretal.(2002).This
measurepenalizestheefectivenumberofparametersofthemodel.TheDICvalueisgivenby,
(2.12)
wherethelog-likelihoodofthemodelparameters, ,isgivenby:
GivenanMCMCsampleofsize oftheposteriordistributionofthemodelparameters, ,
for ,theDICvalue,(2.12),canbeapproximatedby,
2.3 Simulateddata
InthisSection,weexemplifytheproposedmethodologywithoneofthenumerousartiﬁcialsets
ofdatageneratedtoexamineourprocedure.Inordertosimulatethedatawehaveproposed
amodel,thatisthenumberofcomponents,theamplitudesandthephasesfortheparameters
ofthetwovariablesandthe Kendalbetweenthem. Wehaveexecutedthealgorithmwith
diferentconﬁgurationsofthenumberofFourierterms,assumingaGeneralizedExtremeValue
distributionfortheﬁrstvariable,aGammadistributionforthesecondoneandaGumbelcopula
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4 4 2 16353 1 4 2 17178
4 4 1 16479 1 4 1 17184
4 4 4 16953 1 3 3 17188
4 4 3 17005 1 3 1 17191
3 4 1 17044 1 3 2 17193
2 4 1 17140 1 1 1 17440
1 4 3 17162 1 2 1 18776
Table2.1:DICvaluesfordiferentnumberofFourierterms, , and ,assumingaGEVdistributionforthe
temperature,aGammadistributionforthedischargeandGumbelcopula.Forthesimulateddata.
fortherelationshipbetweenthem.Table2.1showssomeoftheresultsobtained. Notethatthe
minimumvaluecorrespondsto termsfortheﬁrstvariable, termsforthesecond
variableand termsfortheparameterofthecopula,thatis,theconﬁgurationusedto
simulatethedata.Inaddition,thealgorithmhasbeenperformedassumingdiferentmodelsfor
themarginaldistributionsinbothvariablesandalsoforthecopula.Forexample,theminimum
valueassumingaGaussiancopula, withtheGEVandGammaas marginaldistributions,is
.
Oncewehaveobtainedthatthebestconﬁgurationis4componentsforbothvariables,2
componentsforthecopula,GEVdistributionfortheﬁrstvariable,Gammadistributionforthe
secondoneandGumbelasthecopula,theMCMCforaltheamplitudesandphaseshavebeen
got.Asanexample,Table2.2showsthetruevaluescomparedwiththemeanand credible
intervalsoftheseMCMCforthesecondvariable.Fig.2.1showsthecomparisonbetweenthe
estimatedvaluesforaltheparametersandthetruevaluesusedforthesimulationofthedata
(leftplot)andtheboxplotsofthetheMCMCcomparedwiththetruevalues(rightplots).
2.4 Results
InthisSection,weilustratetheproposedmethodologywiththedataprovidedbyGLACKMA
ofmeasureddischargeandtemperaturefromOctober1st2002toSeptember30th2012. Wehave
consideredalargenumberofdiferentmodelsforthemarginalandcopuladistributionsthatwil
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TrueValue Mean(int.cred.)
ψ12 2.7 2.665(2.609,2.720)
ψ22 2.8 2.793(2.562,3.025)
ψ32 2.9 2.911(2.672,3.115)
ψ42 3.0 0.879(0.015,3.084)
a1λ 6.0 4.630(3.171,6.077)
a2λ 3.0 2.089(1.444,2.921)
a3λ 2.0 1.383(1.015,1.812)
a4λ 0.5 -0.137(-0.408,0.401)
a0λ -6.0 -5.151(-6.038,-4.184)
a1β -1.0 -0.355(-1.827,0.997)
a2β -2.0 -1.569(-2.471,-0.939)
a3β -2.0 -1.622(-2.093,-1.189)
a4β -0.5 0.203(-0.544,0.568)
a0β 2.0 1.549(0.605,2.442)
Table2.2:TruevaluesofsimulateddataandmeanoftheMCMCwiththecorrespondent95%
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Figure2.1:Totheleft,comparisonbetweentheparametersestimatedbythemodelforthesimulateddataandtheones
usedtosimulatethesedata.Totheright,boxplotoftheMCMCofeveryparameterinthesimulateddataoftheﬁrst
variable,wherereddotsarethetruevalues
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Temperature Discharge Copula
mean(sd) int.cred. mean(sd) int.cred. mean(sd) int.cred.
2.016(0.017) (1.983,2.050) 2.731(0.027) (2.674,2.783) 2.269(0.482) (0.785,2.830)
2.943(0.098) (2.742,3.117) 2.841(0.040) (2.765,2.920) 1.588(0.814) (0.109,3.019)
2.865(0.134) (2.594,3.107) 2.783(0.074) (2.639,2.926) 0.821(0.395) (0.163,1.673)
0.646(0.154) (0.363,0.982) 2.916(0.153) (2.573,3.132) -0.195(0.216) (-0.578,0.280)
4.002(0.075) (3.855,4.152) 6.692(0.668) (5.604,7.940) -1.163(0.291) (-1.769,-0.628)
-0.265(0.071) (-0.407,-0.126) 3.378(0.433) (2.654,4.274)
-0.325(0.063) (-0.456,-0.207) 1.638(0.232) (1.231,2.174)
-0.152(0.062) (-0.274,-0.029) 0.447(0.091) (0.279,0.644)
-2.777(0.056) (-2.886,-2.665) -6.431(0.406) (-7.179,-5.749)
-0.721(0.018) (-0.757,-0.687) -0.889(0.415) (-1.653,-0.108)
-0.136(0.019) (-0.173,-0.100) -1.528(0.225) (-1.971,-1.093)
0.102(0.020) (0.063,0.142) -1.783(0.168) (-2.120,-1.459)
0.014(0.016) (-0.018,0.045) -0.432(0.116) (-0.665,-0.210)
0.975(0.013) (0.949,1.002) 2.302(0.273) (1.786,2.795)
0.261(0.014) (0.233,0.289)
0.114(0.016) (0.081,0.145)
0.004(0.014) (-0.025,0.032)
-0.029(0.011) (-0.05,-0.008)
-0.471(0.009) (-0.488,-0.454)
Table2.3:ModelvaluesfortheparametersoftheGEVdistributionforthetemperature,theGammadistributionfor
thedischargeandtheGumbelcopula.EachparameterisobtainedasthemeanofitsMCMC.Theposteriordeviation
isthenumberbetweenparenthesis.Thethirdcolumnofeachparameteristhe credibleinterval.
bediscussedlater.Firstly,wepresenttheresultsforthepreferredmodelaccordingtotheDIC
criteriawhichconsistsoftheGEVdistributiondescribedin(2.4),forthemarginaldistributionof
thetemperaturewith Fouriercomponents,theGammadistribution(2.8),forthemarginal
distributionofthedischargewith FouriercomponentsandGumbelcopula(1.6),with
Fouriercomponents.
TheproposedMCMCalgorithmisrunfor iterations,discardingtheﬁrst as
burn-initerations.Thechainshaveconvergedandtheyhavegoodmixing.Table2.3showsthe
mean,posteriordeviationand credibleintervalsforthemodelparameters.
Fig.2.2showstheobserveddischargetimeseriesdata,theposteriorpredictivemeansand
credibleintervalsforthewholetimeperiod.Apparentlythedischargeiswel modeled,for
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Figure2.2:Observeddischargedata,posteriorpredictivemeansand95%credibleintervals.
exampletheposteriormeansareveryclosetozerointhosewinterperiodswherenodischargeis
recordedandthelengthofthecorrespondingcredibleintervalsarealsoquiteclosetozero.On
thecontrary,duringthesummerperiods,theposteriordischargemeansarefarfromzeroandthe
credibleintervalsarewider.Also,wecanobservethattheproposedmodelcapturestheSpring
eventsandaftershocksatthebeginningandtheendofeachperiod,respectively.Finaly,observe
thattheproposedmethodisalsoabletoproduceBayesianestimatesandcredibleintervalsforthe
missingperiodduringthehydrologicalyear2003/2004.
Fig.2.3showstheobservedtemperaturetimeseries,theposteriorpredictivemeansand
credibleintervalsforthewholetimeperiod.Observethatthemodelcancapturetheleft-skewness
andlargervariabilityduringtheaustralwinter.Incontrast,notethatcredibleintervalsaremore
symmetricandnarrowerduringthesummerperiods.
Fig.2.4showstheposteriormeanand credibleintervalsoftheKendal’stautogether
withtheobservedvaluesforthetemperatureanddischargeforthewholetimeperiod.Thisﬁgure
ilustrateshowthedependencevariesovertime,wecanseehowlargervaluesoftaucorrespond
tohighervaluesofthetemperatureanddischarge.Similarly,smalervaluesoftaucorrespondto
lowertemperaturesandperiodswithnodischarge.
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Figure 2.3: Observed temperature data, posterior predictive means and 95% credible intervals.
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Figure 2.5: Conditional predictive density of the discharge given different values of the temperature for different days,
at the beginning, in the middle and at the end of the discharge period
Now, we are interested in analyzing the influence of the temperature on the discharge.
Observe that using our proposed approach, we can obtain estimations of the conditional
predictive distribution of the discharge given any value of the temperature at any given time
point. As an illustration, Fig. 2.5 shows the conditional density function of the discharge for
different particular days, at the beginning, in the middle and at the end of the period of discharge
given different values of the temperature. Note that, as expected, the larger is the temperature, the
larger is the probability of observing large values for the glacier discharge, although the density
plot is different depending on the day of the year. The density plot for the 10th of June and for
one Celsius degree (in the last plot) is useful to explain the aftershocks, because that temperature
is not very usual in that day.
Using the same approach, Fig. 2.6 shows the Bayesian estimations of the missing discharge
values conditioned on the observed values for the temperature during the hydrological year
2003/2004 when the data-logger did not record the data appropriately.
Finally, observe that our proposed methodology also enables future predictions of both
the joint distribution of discharge and temperature and the conditional discharge distribution
given the temperature values. In order to illustrate this, Fig. 2.7 shows the estimations of the
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Figure 2.6: Predicted values for the missing discharge during the hydrological year 2003/2004 conditioned on the
observed values for the temperature. Dotted lines represent the 95% credible intervals.
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Figure 2.7: Observed data for the discharge, mean of the values of the predictive and 95% credible intervals.
Hydrological year 2011-12.
predictive discharge distribution for the last hydrological year 2011/2012 given the information
from previous years. These are compared with the true observed values during this year. Note
that the predictive intervals always contain the true observed values. Fig. 2.7 also shows the
estimations of the conditional predictive discharge during this last year given the values for the
temperature. Observe that this provides in general better estimations for the discharge, although
there is one single day where the temperature was extremely high which leads a large estimation
for discharge.
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4 4 2 14825 1 4 1 15043
4 4 1 14833 1 4 2 15044
4 4 4 14843 1 3 3 15115
4 4 3 14861 1 3 1 15135
3 4 1 14872 1 3 2 15178
2 4 1 14921 1 2 1 15259
1 4 3 15036 1 1 1 15750
Table2.4:DICvaluesfordiferentnumberofFourierterms, , and ,assumingaGEVdistributionforthe
temperature,aGammadistributionforthedischargeandGumbelcopula.
2.4.1 Modelselection
Finaly,weilustratehowthemodelintroducedbeforehasbeenselectedaccordingtotheDIC.
Firstly, weputtheemphasisonselectingthenumberofFouriertermsforthetime-varying
parametersofthetemperature, ,thedischarge, andthecopula, .Table2.4showsthe
DICvaluesfordiferentchoicesofthenumberofFouriertermsassumingaGeneralizedExtreme
Valuedistributionforthetemperature,aGammadistributionforthedischargeandaGumbel
copulaforthedependence. Notethattheminimumvaluecorrespondsto termsforthe
temperature, termsforthedischargeand termsforthetime-varying parameter
ofthecopula.
Similartableshavebeenobtainedassumingdiferentmodelsforthemarginaldistributionsof
thetemperatureandthedischargeandalsoforthecopula.ThenumberofselectedFourierterms
isingeneralthesamebutthevalueoftheDICislargerinalcases.Forexample,theminimum
DICvalueassumingaGaussiancopulaandthesamemarginaldistributionmodelsasbeforeis
.ThesameminimumDICvalueisobtainedforthet-copulasincetheestimated
degreesoffreedomareverylargewhichimpliesthattheobtainedt-copulaisverysimilartothe
Gaussiancopula.Finaly,the isobtainedforthemodelwiththeClaytoncopula.
NotethatthesevaluesarelargerthantheminimumvalueobtainedinTable2.4withaGumbel
copulawhichisgivenby ,indicatingthattheGumbelmodelispreferredthanthe
otherconsideredcopulas.
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Figure 2.8: Conditional predictive density of the discharge for the models built with different copulas, given zero
degrees as the value of the temperature for all of them and for one particular day in summer (02/20/2006).
In order to illustrate the differences among copula models, Fig. 2.8 shows the conditional
predictive density of the discharge given different temperatures for one particular day in summer
using the different copula models. This figure shows that the Clayton copula is not appropriate
for these data, as expected, since this copula has not right tail dependence and it only allows for
left tail dependence. On the other side, the obtained estimated models with the Gaussian and
t-copula are very similar to that obtained with the Gumbel copula. However, it can be observed
that the tail of the conditional distribution is slightly heavier with the Gumbel copula.
2.5 Conclusion and extensions
In this Chapter, we have proposed a seasonal dynamic model to describe the joint distribution
of the glacier discharge and air temperature where not only the marginal distributions are time
varying but also the relationship between these two variables is described by a time-varying
copula. We have proposed a Bayesian procedure for making inference on the model parameters
and prediction of the joint discharge and temperature distribution. Our approach allows for the
simultaneous estimation of the marginal and copula parameters, which is in contrast with the
classical two-stage estimation procedures.
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An improved model could include structural changes over the time such that not only the
model parameters were time-varying, but also the marginal and copula models could vary along
time. For example, we could consider for each different season the possibility of using a different
copula selections, Gumbel (1.6), Gaussian (1.4) or Student-t (1.5). Similarly, we could incorporate
for different seasons the possibility of distinct marginal distribution models for the temperature
and glacier discharge.
The proposed procedure could be extended to a multivariate model by including more
environmental variables like precipitation, humidity or solar radiation. In this case, the use of
multivariate copulas would be required. One possibility is the use of vine copulas.
The developed methodology could be also applied in other Pilot Experimental Watersheds
installed by GLACKMA at different latitudes in both hemispheres, which could be compared
with those obtained in this work.
Chapter3
Vinecopulamodelsfortheanalysisof
glacierdischarge
InthisChapter,weintroduceamethodtopredictfuturevaluesoftheglacierdischargegiventhe
observedvaluesofothermeteorologicalvariables.First,weproposeacopulamodeltodescribe
themultivariatejointdistributionoftheﬁvevariableswhere,inaddition,twoofthemhavea
largenumberofzerovalues.Then,weobtaintheconditionalprobabilityofhavingnodischarge.
Finaly,wederivetheconditionaldistributionofthedischargegiventheothermeteorological
variables.
3.1 Proposedmodel
3.1.1 Multivariatecopulamodel
Let and randomvariables, where isthetemperature, thehumidity, the
radiation, theprecipitationand thedischarge. AscommentedinSection1.2,inpractice,
itisusualyobservedthatboth,theprecipitationandthedischarge,havealargenumberof
zerovalues.Thisfacthasaquiteimportantimpactintheconstructionofourproposedmodel.
ErhardtandCzado(2012)andBrechmannetal.(2014)proposea modelfora multivariate
53
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Figure3.1:Structureofc-vinecopulaswith3nodes.
distributionin whichthe mixedvariablesaredecomposedinzeroinﬂatedandcontinuous
positivecomponents.Folowingthisidea,wedeﬁnethejointdistributionasamixtureoffour
diferentjointdistributions,dependingonthejointprobabilityofpresenceofzeroorpositive
valuesofthedischargeandtheprecipitation.Thus,thejointdensityfunctionofthemultivariate
variable isdecomposedas,
with
with
with
with
(3.1a)
(3.1b)
(3.1c)
(3.1d)
Then, wedeﬁneeachofthesefourjointdensityfunctionsintermsofcopulasusingthe
theoremofSklar(1959).Forexample,(3.1a)canbeexpressedas,
(3.2)
where isthemultivariatecopuladensitydescribingthedependencestructureinthevariable
and
(3.3)
andanalogouslyfor , , and . Wherethesuperscriptsdenotethatthevariablesare
conditionedonzerodischargeandzeroprecipitation.
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Ourproposalistouseavinecopulastructure,deﬁnedinSubsection1.3.5,forthemultivariate
copula.Forexample,theexpression(3.2)canbedecomposed,usingthec-vinestructureshown
inFig.3.1,as,
where , and arethedensityfunctionsofthebivariatecopulasineachedgeand
whicharetheconditionaldistributionfunctionsoftheuniformvariableintroducedin(3.3).
Similarly,theexpression(3.1b)canbeexpressedintermsofcopulasas,
(3.4)
where isthe multivariatecopuladensitydescribingthedependenceofthevariable
and
andanalogouslyfor , , and , , , wherethesuperscriptsdenotesthatthe
variablesareconditionedonpositivedischargeandzeroprecipitation.
Themultivariatecopulain(3.4)canbedecomposedasaproductofbivariatecopulas,using
thevinestructureshowninFig.3.2,as,
(3.5)
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where , , , , and arethedensityfunctionsofthebivariatecopulas
ineachedge,
andanalogouslyfor , and .Similarexpressionscanbeobtainedfor(3.1c)and(3.1d)
whichareshowninAppendixB.
3.1.2 Marginaldistributions
Wenowdeﬁneamarginaldistributionmodelforeachoneoftheﬁvemeteorologicalvariables ,
, , and . Wedecomposeeachvariableinfourcasesaccordingtothepresenceornotof
precipitationanddischarge,asin(3.1).Forexample,thedensityfunctionofthetemperaturecan
beexpressedas:
with
with
with
with
Then,foreachofthesefourcases,weassumeaparametricmodelbasedonﬁnitemixturemodels.
Inparticular,forthetemperature, weconsiderﬁnite mixtureofGaussiandistributions. For
example,theﬁrstdensityfunctioncanbewritenas,
andsimilarGaussianmixturesfor , and .Then,wemayobtain , , and
usingthecumulativedistributionfunctionofaGaussianmixture.Therefore,notethatwehavea
setofparameterstoestimateforeachofthefourGaussianmixtures.
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Thesameprocedureisfolowedforthehumidityandtheradiation.Eachofthesevariables
isdividedinfourcasesaccordingtothepresenceornotofdischargeandprecipitation.Then,a
ﬁnitemixtureofBetadensitiesisselectedforeachofthefourcasesinthehumidityandaﬁnite
mixtureofGammadensitiesforeachcaseintheradiation.Theirrespectivedensitiesare,
andsimilarBetamixturesfor , and andGammamixturesfor , and .Then,we
mayobtain , , , , , , and usingthecumulativedistributionfunctionofa
BetamixtureandaGammamixturerespectively.Again,notethatwehaveasetofparametersto
estimateforeachofthefourBetamixturesandasetofparametersforeachofthefourGamma
mixtures.
Fortheprecipitation,giventhatitisgreaterthanzero,twocasesarediferentiatedcorrespon-
dingwiththepresenceorabsenceofdischarge.Then,aﬁnitemixtureofGammadensitiesis
selectedforeachcase,wherethedensityfunctioncanbeexpressedas,
andasimilarGammamixturefor .Again,wemayobtain and ,usingthecumulative
distributionfunctionofaGammamixture.Here,weonlyhaveasetofparametersforeachofthe
twoGammamixtures.
Finaly,forthedischargeandgiventhatitisgreaterthanzero,twocasesaredistinguished
correspondingwiththepresenceorabsenceofprecipitation.Then,ﬁnitemixturesofGamma
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densitiesareconsideredforeachcasewhosedensitycanbewritenas,
andsimilarGammamixturefor .Then,wemayobtain and ,usingthecumulative
distributionfunctionofaGammamixture.Here,wehaveasetofparametersforeachofthetwo
gammamixtures.
Finaly,notethatthenumberoftermsineachmixture, ,maybediferentineachgroupand
variableandtheywilbeselectedusingamodelselectioncriteriaexplainedinSection3.1.4
3.1.3 Conditionalprobability
Oncewehavedeﬁnedthemultivariatemodelgivenbythecopulasandthemarginaldistribu-
tions,wemayobtainmanyquantitiesofinterest.Forexample,wemayobtaintheconditional
probabilityofzerodischargeforoneparticulardaywhosemeteorologicalvariableshavebeen
observed.UsingtheBayestheorem,thisprobabilityisgivenby,
(3.6)
Forthecasewhentheprecipitationiszero,thenumeratorin(3.6)canbeexpressedas,
(3.7)
wheretheﬁrsttermisobtainedfrom(3.1a).Andthedenominatorof(3.6)canbeexpressedas,
wheretheﬁrsttermisobtainedfrom(3.7)andthesecondtermcanbeobtainedfrom(3.5)sinceit
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Figure3.2:Structureofc-vinecopulas3nodesinheritedfroma4-nodec-vinecopula.
canbeexpressedintermsofavinecopulaas,
andthetermsofthisexpressionalreadyappearintheequation(3.5).Fig.3.2showshowthe
vine-copulafordescribingthedependenceofthevariable canbeusedtoobtainthe
marginaldependenceof .
Similarly,forthecase whentheprecipitationispositive,thenumeratorof(3.6)canbe
expressedas,
(3.8)
wheretheﬁrsttermisobtainedfrom(3.1c).Andthedenominatorin(3.6)canbeexpressedas,
wheretheﬁrsttermisobtainedfrom(3.8)andthesecondtermcanbeobtainedfrom(B.2)sinceit
canbeexpressedintermsofavinecopulaas,
(3.9)
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Asinthepreviouscase,wecanusethevinestructureselectedfordescribingthedependence
ofthevariable toobtainthevinecopulafordescribingthemarginaldependence
ofthevariable .Thus,althetermsin(3.9)canbefoundin(B.2).
Furthermore,usingthedeﬁnedmultivariatedistributionin(3.1),wemayobtaintheconditio-
naldistributionfunctionofthedischargeforgivenvaluesofthemeteorologicalvariables,using
theconditionalprobabilityin(3.6)as,
with
with
(3.10)
Forthecasewhen ,thesecondpartcanbeexpressedintermsofthec-vinecopulasas,
(3.11)
Forthecasewhen ,thesecondpartof(3.10)canbeexpressedas,
(3.12)
where,
andsimilarlyfor .
3.1.4 Parameterestimationandmodelselection
Now,giventhesetofdataondischargeandothermeteorologicalvariables,wewanttoestimate
theparametersforourproposed model(3.1). First, wedividethesampleinfourgroups
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accordingtothepresenceornotofdischargeand/orprecipitationandestimatetheprobabilities
ofeachgroup,whichcorrespondtothejointprobabilitiesofhavingornotzerodischargeand/or
precipitation,usingempiricalfrequencies.Theparameterscanbediferentineachgroup,but
theestimationprocedureisthesame. First,weselectthenumberofmixturecomponentsof
themarginalfunctionsforeachvariableusingtheBayesianInformationCriterion(BIC),which
generalypenalizesnumberofparametersinthemodel. Then,thesemixtureparametersare
estimatedbythemaximumlikelihoodmethod,separatelyforeachvariable.Next,thevaluesof
,for ; ;and ,areobtainedasexplainedinSubsection3.1.2.
Thenextstepistoﬁtthevinecopula modeltothedataset. Notethathereweassume
thesocaledsimplifyingassumption, whichimposesthateachpairofcopulasofconditional
distributionsdoesnotdependonthevaluesofthevariableswhichareconditionedon.Although,
thisassumptionhasbeencriticized(Acaretal.(2012);SpanhelandKurz(2015),Kilichesetal.
(2017)proposetheuseofthisassumptionespecialywhenthenumberofparametersislarge.
Moreover,Hafetal.(2010)cametotheconclusionthatvinecopulasbuiltwiththisassumption
are“arathergoodsolution,evenwhenthesimplifyingassumptionisfarfrombeingfulﬁledby
theactualmodel”.
Inordertoselectac-vinecopulastructure,weﬁrstlyneedtosetanorderforthevariables.
AssuggestedbyAasetal.(2009),wetrytosetthevariableswithstrongestdependenciesinthe
ﬁrstnodesofthetree.Therefore,weorderthevariablesregardingonthevaluesoftheKendal’s
tau.Thus,wehaveconsideredthetemperatureastherootvariable,folowedbythehumidity,
theradiation,theprecipitationand,ﬁnaly,thedischarge.Appropriatepair-copulafamiliesare
selectedandestimatedsequentialy,usingtheBICtodeterminethebestcopulafamily. For
simplicityinthenotation,wereferby tothediferentpossibilities ,for ; ;and
,forexample denotesthe forthediferentcasesofthetemperature.Thevalue
oftheparametersisestimatedbymaximumlikelihoodasfolows,
1.Fitbivariatecopulasfor and ,for ,foraltheedgesintheﬁrsttree.
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2.Generatetheseries ,for ,usingtheﬁtedcopulafromthe
previousstep.
3.Fitbivariatecopulasfor and ,for foraltheedgesinthesecondtree.
4.Usingthesameprocedure,generateseriesfromtheedgesandﬁtcopulasbetweenthenodes
fortheremainingtrees.
Thecopulaforeachnodecanbeselectedbetweenanelipticalcopula(Gaussianort-copula)
oranone-parameterArchimedeancopula(Gumbel,Frank,JoeorClayton).Beforeselectingthe
copula,anindependencetest,basedonKendal’stau,isperformedoneverypairofseriesusing
asigniﬁcancelevelof .Altheseestimationshavebeenmadeusingthefunctionsavailable
intheRpackageVineCopula(Schepsmeier(2016);RCoreTeam(2016).
Threediferentestimatorsareconsideredandcomparedtoobtainpredictionsofthefuture
valuesofthedischarge.Firstofal,weconsiderthemedianoftheconditionaldistributionofthe
dischargegiventheobservedmeteorologicalvalues(3.10).Thiscanbecalculatedasthevalue,,
suchthat,
wherethedistributionfunction, ,isgivenin(3.11)iftheobservedprecipitationiszero,orin
(3.12)ifitisdiferentfromzero.
Also,weconsiderthemeanoftheconditionaldistribution(3.10),giventheobservedvaluesof
temperature,humidity,radiationandprecipitationinthatday.Thiscanbeapproximatedusinga
MonteCarlosimulationbytakingthesamplemeanofasetofsimulatedvaluesfrom(3.10).This
isdetailedinAppendixB.1.
Finaly, weproposeaprediction methodbasedontheconditionalprobabilityofzero
discharge(3.6)andtheconditionaldistributionfunctionofthedischargegiventhevaluesofthe
meteorologicalvariables(3.10).Firstly,theconditionalprobabilityofdischargeisestimated.If
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thisprobabilityislargerthan ,weconsiderthatthepredictivedischargeforthatdayis.
Iftheestimatedprobabilityofzerodischargeissmalerthan ,weestimatethemeanofthe
conditionaldistributionwhenthedischargeispositivein(3.11)and(3.12)usingaMonteCarlo
simulationasbefore.
Inordertoexaminetheperformanceofourproposedc-vinemodelweneedtwodiferent
evaluations,onefortheprobabilityofhavingzerodischargeandotherforthepredictedamount
ofdischargewiththediferentpredictionmethods.FortheﬁrstoneweusetheBrierScore(Brier
(1950),thatmeasuresthedistancebetweentheprobabilityandtheobservationofanevent,
(3.13)
where istheprobabilitythattheeventwilhappenand takesvalue iftheeventhappens
and otherwise.ForthepredictivedischargewewilusetheMeanSquaredError(MSE)andthe
MeanAbsoluteError(MAE),
(3.14)
(3.15)
where istheestimatedvalueand isthetrueobservedvalue.
3.2 Simulateddata
InthisSection,weilustratetheproposedmethodologywithoneofthemanyartiﬁcialdatathat
wehavegeneratedtoexamineourprocedure.Inordertosimulatethedatawehaveproposeda
model,thatis,thenumberofcomponentsandtheparametersineachmixtureforeachmarginal
distribution,andthestructureofeachc-vine:thecopulafamilyineachnodeanditsparameter.
Then,wehaveestimatedthebestnumberofcomponentsofeachmixture,theparametersforthese
mixtures,thebestcopulafamilyforeachnodeinthec-vinestructureandtheircorrespondent
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Temperature Humidity Radiation Precipitation Discharge
Group Parameter Est. True Est. True Est. True Est. True Est. True
00
p 0.52 0.5
par1.1 0.79 0.8 24.19 23 67.36 7
par2.1 0.99 1.0 5.33 5 0.48 0.5
par1.2 86.48 86.0
par2.2 1 1.0
01
p 0.28 0.6
par1.1 -0.16 -0.2 31.30 31 11.43 12.0 1.43 2.0
par2.1 1.04 1.0 1.98 2 0.19 0.2 0.32 2.0
par1.2 1.72 1.0
par2.2 1.56 0.3
10
p 0.55 0.2
par1.1 0.00 -1.0 15.20 15 13 13.0 2 2
par2.1 1.32 1.0 4 4 0 0.1 11.54 11
par1.2 1.17 1.0
par2.2 0.84 1.0
11
p
par1.1 1.00 1.0 21.27 24 5.72 6.0 0.99 1.0 1.94 2
par2.1 0.95 1.0 2.69 3 0.1 0.99 1.0 7.89 8
par1.2
par2.2
Table3.1:Comparisonbetweenthetrueandestimatedparametersofthemixtures,forthesetofsimulateddata.
parameter,asitisexplainedinSubsection3.1.4. Table3.1presentstheestimationforeach
parameterinthemixturemodels.Thesearecomparedwiththetruevaluesoftheparameters
inordertoshowtheaccuracyoftheestimations.Inthesameway,Table3.2showsthebestfamily
andthevalueof obtainedwiththeestimationsand,also,arecomparedwiththetruevalues.
Although,insomecases,theselectedfamilyisnotthesameasthetrueone,thevalueofthe
estimated areveryclosetothetrueone.Finaly,Fig.3.3showsthecomparisonbetweenthe
estimatedvaluesforaltheparametersandthetruevaluesusedforthesimulationofthedata.
3.3 Applicationofthevinecopulamodel
InthisSection,ourproposedvinecopulamodelisappliedtothedataprovidedbyGLACKMA
fromtheircatchmentareainglacierColinsinKingGeorgeIsland. First,thedatabaseis
dividedingroupsaccordingtotheseasonality.Second,althemodelparameters,ofthemarginal
distributionsandthevinecopula,areestimated.Third,theconditionalprobabilityofhavingno
dischargeandthepredictivedischargearecomputedusingtheseparametersofthevinecopula
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Family
Group Param. Est. True Est. True
00
Frank Frank 0.38 0.39
Joe Joe 0.36 0.36
Gaussian Gaussian -0.21 -0.19
01
Frank Frank 0.38 0.39
Gaussian Gaussian 0.09 0.06
Joe Joe 0.13 0.15
Gaussian Gaussian -0.12 -0.13
Clayton Clayton 0.21 0.20
Gaussian Gaussian -0.22 -0.19
10
Clayton Clayton 0.33 0.33
Frank Frank -0.12 -0.11
Clayton Clayton 0.21 0.20
Frank Frank -0.25 -0.21
Clayton Clayton 0.33 0.33
Gumbel Gaussian 0.11 0.13
11
Clayton Clayton 0.20 0.20
Frank Frank -0.05 -0.09
Frank Frank 0.18 0.21
Gaussian Gaussian 0.27 0.26
Gaussian Gaussian -0.18 -0.13
Frank Frank 0.11 0.11
Frank Frank 0.22 0.21
Gaussian Frank -0.11 -0.11
Gaussian Gaussian -0.05 -0.06
Gaussian Gaussian 0.12 0.13
Table3.2:
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Figure3.3:Comparisonbetweentheparametersestimatedbythemodelforthesimulateddataandthetrueones.The
leftplotisfortheparametersofthemixturesandtherightoneisforthe valuesineachcopula.
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Period Dates Description
1 26th November - 30th December Discharge start period. Since the last weeks of spring to
early summer. Days can be positive or zero discharge.
2 31st December - 7th April Main discharge period. Most of the summer. Almost
every day has positive discharge.
3 8th April - 15th June Discharge end period. Since the end of summer and most
of autumn. Days can be zero or positive discharge.
4 16th June - 25th November Zero discharge period. Late autumn, all the austral winter
and early spring. There is always zero discharge.
Table 3.3: Distribution of the periods of discharge in King George Island.
model. Finally, the obtained results are compared with those obtained with the bivariate copula
model in Chapter 2.
3.3.1 Parameter estimation
Recall that the GLACKMA database consists of five time series of data collected during eleven
years. Here, the first ten years are used for parameter identification and data from 10/01/2011 to
12/31/2012 are used for model verification.
First of all, we want to capture the seasonal behaviour of the discharge. In Chapter 2, we try
to capture it using partial sums of Fourier terms, but this procedure increases rapidly the number
of parameters when we add more meteorological variables. On the other side, Braun (2001) has
found three major ablation phases plus a non-ablation phase for each year in glacier behaviour.
This suggests us to divide the data in four different periods in order to capture the changes in the
relationship between the variables. Table 3.3 shows the different periods selected for this study.
As a justification of this division, Fig. 3.4 shows the boxplots of the average daily glacier, grouped
by weeks, in the different periods. Apparently, there are different behaviors in the discharge
regime. Note that the fourth period has zero discharge in the observed values. Thus, the model
will always predict zero discharge in this period, that is, the equation (3.6) will always be zero
independently of the values of the other variables because the empirical probability of having no
discharge is equal to one.
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Figure3.4:Boxplotsoftheglacierdischargeineachweekfrom2002to2012.Diferentperiodsareseparatedbyvertical
linesanddiferentcolorshadows.
Firstly,wedeterminethenumberofcomponentsandthemixtureparametersofthemarginal
functionsofthemodelfortheﬁrstthreeperiods.Asanexample,Fig.3.5showstheadjustmentof
themixturestotheobservationsoftheﬁvevariablesforthesecondperiodanddayswithpositive
discharge(theﬁrstrowfordayswithpositiveprecipitationandthesecondonefordayswith
zeroprecipitation).Thenumberofmixturecomponentsiswritenatthebotomofeachplot.
Anapparentlygoodadjustmentbetweenthemixturemodelsandtheempiricaldistributionsis
observedforalvariablesandperiods.Themixturemarginaldistributionparametervaluesare
listedinTable3.4.Theﬁrstcolumnindicatestheperiod,thesecondreferstothegroup ,
where ,respectively,forzeroorpositivedischargeand ,respectively,forzeroor
positiveprecipitation,andthethirdshowsthenumberofobservationsavailableandusedtoﬁt
themixtures.
Thefolowingstepistoselectthecopulafamilyanditsparameterforeachedgeinthediferent
vinecopulastructures.Table3.6showsthestructureofthec-vinecopulaswiththevalueofthe
parameterforeveryedge;eachrowineachedgecorrespondtooneoftheﬁrstthreeperiods.
Notethatsomeedgeshavetheindependencecopula,denotedbytheleterI,thismeansthat
nosigniﬁcativedependencehasbeenfoundfoundinthatedge.Diferentorderinthevariables
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Per Gr. N Temperature
DP
1 00 40 -0.809(0.191) 1.206(0.135)
01 94 -0.163(0.111) 1.074(0.078)
10 68 0.220(0.247) -0.862(1.513) 1.133(0.651) 0.904(0.170) 0.651(0.129)
11 83 0.915(0.142) 1.295(0.101)
2 00 21 0.621(0.106) -2.370(0.234) 0.829(0.176) 0.665(0.164) 0.460(0.115)
01 16 -1.298(0.486) 1.944(0.344)
10 283 0.145(0.056) -1.954(0.790) 1.460(0.430) 1.444(0.101) 0.937(0.073)
11 541 0.177(0.070) -0.693(0.814) 2.189(0.266) 1.941(0.082) 1.071(0.077)
3 00 102 -5.375(0.378) 3.817(0.267)
01 225 0.665(0.067) -6.636(0.499) 3.523(0.262) -0.992(0.271) 1.230(0.205)
10 69 -2.363(0.288) 2.392(0.204)
11 234 0.517(0.053) -3.633(0.377) 2.759(0.208) 0.359(0.107) 0.833(0.086)
Per Gr. N Humidity
DP
1 00 40 23.527(5.314) 4.582(0.99)
01 94 31.247(4.716) 2.421(0.332)
10 68 15.254(2.648) 3.472(0.570)
11 83 24.086(3.847) 2.589(0.379)
2 00 21 40.476(12.524) 10.439(3.173)
01 16 16.284(5.840) 3.326(1.123)
10 283 0.029(0.019) 6.016(6.587) 0.240(0.129) 19.277(2.065) 3.957(0.442)
11 541 0.967(0.012) 24.565(1.859) 2.504(0.192) 305.374(195.601) 1.829(0.723)
3 00 102 19.921(2.829) 3.662(0.492)
01 225 22.324(2.15) 3.027(0.271)
10 69 14.021(2.431) 2.783(0.449)
11 234 18.336(1.761) 2.022(0.174)
Per Gr. N Radiation
DP
1 00 40 0.455(0.09) 69.832(33.129) 0.605(0.279) 86.14(34.047) 1.146(0.466)
01 94 12.000(1.726) 0.184(0.027)
10 68 13.508(2.287) 0.148(0.026)
11 83 6.229(0.942) 0.104(0.016)
2 00 21 6.980(2.104) 0.236(0.074)
01 16 2.543(0.846) 0.103(0.038)
10 283 2.913(0.232) 0.053(0.005)
11 541 2.721(0.156) 0.081(0.005)
3 00 102 0.591(0.071) 6.542(1.492) 2.707(0.729) 4.308(1.864) 0.381(0.142)
01 225 0.536(0.150) 4.347(1.553) 1.945(0.879) 1.858(0.456) 0.284(0.052)
10 69 1.608(0.251) 0.184(0.034)
11 234 1.838(0.157) 0.339(0.033)
Per Gr. N Precipitation
DP
1 01 40 0.607(0.188) 2.06(0.597) 1.753(0.896) 1.381(0.513) 0.277(0.093)
11 94 1.242(0.173) 0.583(0.099)
2 01 21 0.731(0.221) 0.213(0.090)
11 16 0.235(0.057) 3.487(0.960) 5.825(2.337) 1.482(0.192) 0.326(0.032)
3 01 102 0.219(0.051) 7.817(2.848) 17.953(7.749) 1.490(0.186) 0.548(0.067)
11 225 0.245(0.079) 3.503(1.205) 5.018(2.611) 1.406(0.196) 0.354(0.045)
Per Gr. N Discharge
DP
1 10 40 1.788(0.283) 11.055(2.015)
11 94 1.640(0.233) 8.372(1.390)
2 10 21 2.247(0.177) 18.094(1.593)
11 16 1.871(0.105) 8.525(0.549)
3 10 102 0.936(0.035) 4.029(0.787) 127.662(28.612) 18.01(16.619) 139.819(121.816)
11 225 0.355(0.054) 0.986(0.143) 9.555(1.899) 6.744(1.214) 221.226(43.461)
Table3.4:Parametersofthemixturesforalthevariables.Theﬁrstcolumnshowstheperiodofdischargeandthe
secondindicatesifthegrouphaspositivedischarge(1intheﬁrstdigit)andpositiveprecipitation(1inthesecond
digit).Thirdcolumninformsaboutthenumberofobservedvaluesineachgroup.Thenumberbetweenparenthesisis
theerrorontheestimationofeachparameter.
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Figure3.5:Histogramoftheobservedvalues,comparedwiththedensityfunctionoftheadjustedmixtureofthe
correspondentdistributions.Alhistogramsareforperiod2andgroupsofdatawithpositivedischarge,withpositive
precipitationfortheﬁrstrowandwithoutitforthesecondone.Atthebotomisthenumberofmixturecomponents.
withinthec-vinestructurehasbeenconsideredandcomparedusingtheBICcriteriaandvery
closevalueshavebeenfound. Also,wehaveusedtheVuongtest(Vuong(1989)tolookfor
diferencesbetweendiferentordersbutnosigniﬁcativediferencehasbeenfound. Table3.5
showssomeoftheresultsobtainedforthec-vinecopulafordayswithpositivedischargeand
precipitationintheﬁrstperiod.Theresultsforothergroupsandperiodsaresimilar.Then,we
haveselectedthemoreconvenientordertofacilitatetheevaluationoftheprobabilityofdischarge
andpredictivedischarge,thatisT-H-R-P-D.Also,agoodness-of-ﬁttesthasbeenperformedfor
eachofthetwelvecopulasobtainedwiththeproposedorder,whichisbasedontheinformation
matrixequalityof White,asdetailedinSchepsmeier(2016).Table3.6showsthe Whitestatistic
andthecorrespondentp-valueforeachc-vinecopula. Observethatboththemodelandthe
parametersseemtobeappropriate.
Inordertoexaminethegoodnessofﬁtoftheestimatedcopulas, we makeuseofthe
function(GenestandRivest(1993).Fig.3.7showsthecomparisonbetweentheempirical
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Figure3.6:Parametersofthec-vinecopulasforalperiodsandgroups.Eachoneofthevaluesineachnodeisforeach
period(1,2,3).ThecopulasareI=Independence,N=Gaussian,C=Clayton,G=Gumbel,F=Frank,J=Joe.Thenumber
betweenparenthesisistheerrorontheestimationoftheparameters.
CHAPTER3.VINECOPULAMODELS 71
Order BIC Vuongstatistic p-value
THRPD -19.438 0 1
TDPRH -19.238 0.190 0.849
HTRPD -19.194 0.079 0.937
HDRPT -19.641 -0.042 0.967
RPDTH -13.809 1.315 0.188
RTDPH -19.021 0.131 0.896
PTRHD -13.343 1.191 0.234
PDTRH -12.591 1.640 0.101
DPRHT -17.347 0.345 0.730
DTHRP -20.409 -0.183 0.855
Table3.5:BICvalueofdiferentordercombinationsforthe5-cvinecopulaintheﬁrstperiod.Vuongtestofcomparison
withtheselectedorder(THRPD)andthecorrespondentp-value.
Group Period1 Period2 Period3
White p-value White p-value White p-value
00 02.13 0.15 09.24 0.32 08.51 0.60
01 21.53 0.14 19.09 0.60 17.80 0.42
10 19.19 0.79 16.00 0.39 21.76 0.39
11 60.83 0.83 72.90 0.79 73.62 0.06
Table3.6:Whitestatisticandp-valueofthegoodness-of-ﬁttestoverthetwelvec-vinecopulasfortheselectedorder.
functionforeachedgeandthetheoretical functionforthecorrespondingcopula,forthe
10edgesofthec-vinecopula,forthesecondperiodandthegroupfordatawithpositivevalues
ofdischargeandprecipitation.Thedashedlinesareboundscorrespondingtotheindependence
andcomonotonicitycopulas,respectively.Forthesakeofbrevity,onlyonetreehasbeenshown.
Apparently,thereisgoodﬁtbetweentheselectedandtheempiricalcopulainaledgesforal
selectedvinestructures.
3.3.2 Conditionalprobabilityofdischarge
Oncewehaveobtainedalthemodelparameters,weareinterestedinestimatingtheprobability
ofhavingzerodischargeconditionedtotheobservedvaluesforthetemperature,humidity,
radiationandprecipitationineachday.Ascommentedabove,wewilpredictpositivedischarge,
with(3.6),foraparticulardayiftheestimatedconditionalprobabilityofzerodischargeissmaler
than . Table3.7comparespredictionswiththeobservedvaluesofthedischarge. Forthe
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Figure3.7:Empiricalλ-functionforthe10nodesoftheperiod2andgroupwherethereisdischargeandprecipitation.
Thebluelineistheempiricalandthegreyoneisthetheoretical. Thedashedlinesinthepanelsarebounds
correspondingtoindependenceandcomonotonicity(λ=0),respectively.
in-sampledata(2002-2011). Weobtainthe92.7%ofdayswithzerodischargearecorrectly
predictedwiththec-vinemodel,whereas88.6%ofdayswithpositivedischargearecorrectly
predicted.Theperformanceofthecopulamodelisevenbeterfortheout-of-sampledatafromthe
lasthydrologicalyear,usedtovalidatethemodel.Ourmodelhasa90.9%and90.7%ofcorrectly
predicteddaysfordayswithzeroandpositivedischargerespectively. Wehavecomparedthese
probabilitieswiththeonesobtainedwithalogisticregression,whichhasbeendevelopedinthe
sameconditionsasthevinemodel,thatis,onemodelforeachperiod.Table3.8showstheBrier
Score(3.13)forbothmodels,wecanseethatthevinecopulamodeloutperformsthelogistic
regression,globalyandineachperiodandforthein-sampleandtheoutofsampledata. Note
that,thesmalertheBrierScorethebeterthepredictions.
Additionaly,wewanttostudythedependenceofthisconditionalprobabilityofdischarge,on
theobservedmeteorologicalvariables.Asanilustration,Fig.3.8showstheestimatedprobability
asafunctionofthetemperaturefordiferentvaluesofthehumidity,inthepresenceorabsenceof
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Predicted
2002-2011 2011-2012
Total Total
Observed 1883 149 2032 206 21 227147 1148 1295 12 127 139
Table3.7:Comparisonbetweenobserveddischargeandpredictionswiththevinecopulamodel.Ontheleft,fordays
withthedatausedtoﬁtthemodel(2002-2011).Ontheright,forthedaysofthelastyear(2011-2012),usedtovalidate
themodel.
2002-2011 2011-2012
Logisticmodel Vinemodel Logisticmodel Vinemodel
Global 0.0643 0.0607 0.0815 0.0761
Period1 0.1401 0.1314 0.2474 0.2900
Period2 0.0359 0.0320 0.0254 0.0240
Period3 0.1999 0.1904 0.1861 0.1463
Table3.8:ComparisonbetweentheBrierScoreobtainedwithalogisticregressionandwiththevinecopulamodel.On
theleft,fordayswiththedatausedtoﬁtthemodel(2002-2011).Ontheright,forthedaysofthelastyear(2011-2012),
usedtovalidatethemodel.
precipitationandaﬁxedvaluefortheradiation.Notethatthepositiveprecipitationincreasesthe
probabilityofnodischarge,especialywhenthetemperaturesarebelowzero.Intheseplotswe
cansee,also,thathighertemperaturescauseadecayintheprobabilityofhavingnodischargeand
thatanincreaseofthepercentageofhumidityincreasestheprobabilityofhavingnodischarge.
Similarplotscanbedonetocomparehowthesamemeteorologicalconditionsindiferentperiods
modifytheprobabilityofzerodischarge.
3.3.3 Predictivedischarge
Finaly,asdescribedinSubsection3.1.3,thepredictivedischargedistributionfrom(3.10)hasbeen
obtainedforaldaysusingthethreeproposedmethodsexplainedinSubsection3.1.4. These
predictionshavebeencomparedwiththoseobtainedinChapter2. Table3.9showsthe MSE
(3.14)andtheMAE(3.15)obtainedforbothmodels. Wemayobservethatinalcasestheerrors
withthevinecopulamodelaresmalerthanthoseobtainedwiththethebivariatecopulamodel.
Then,clearly,thevinecopulamodelgivesmoreaccuratepredictionsofthedischarge.Finaly,
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Figure 3.8: Evolution of the probability of having no-discharge during the first period conditioned to different values
of the meteorological variables.
2002-2011 2011-2012
Model Method SME MAE SME MAE
Vine copula model
Median 0.00621 0.02798 0.01212 0.04682
Mean 0.00605 0.03175 0.01084 0.04871
Proposed method 0.00608 0.03031 0.01061 0.04489
Bivariate copula model 0.00718 0.03317 0.03753 0.05362
Table 3.9: Errors of the predicted discharge when vine copula model and bivariate copula model are used. The first
two columns have been obtained with the data used to fit the model. The other two have been obtained with the data
of the last year, used to validate.
the proposed model is validated with all described methods with the observed values of the
discharge of the year (2011-12). The two last columns of Table 3.9 show these measures of the
MSE and MAE. It can be observed that the errors of the proposed model are smaller than the
ones produced by the bivariate copula model. Therefore, it can be concluded that the use of more
meteorological variables in the proposed vine copula model provides more accurate predictions
that using simply the temperature as in our previous bivariate copula model.
As an example, the left panel of Fig. 3.9 shows the observed values of the discharge for the
year 2005-06 compared with the predictive discharge obtained with the proposed vine copula
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Figure3.9:Timeseriesoftheobservedvaluesofthedischarge,predictionwithc-vineandbivariatecopulamodels
and95%credibleintervalsforthec-vinemodelintheyear2005-06.Thebotomoftheplotshowstheconditional
probabilityofdischargeofeachdayinascalefromred(probabilityzero)togreen(probabilityone).Theleftpanel
showsthecomparisonbetweentheobservationsandthepredictions.
model,togetherwiththecorresponding credibleintervals,andthepredictionsobtainedwith
thebivariatecopulamodel.Also,thebotomoftheplotilustratestheconditionalprobabilityof
dischargezero,fromredforprobability togreenforprobability.TheleftpanelofFig.3.9
showsthescaterplotbetweenthepredictedandtheobservedvalues.Fig.3.10showssimilar
informationfortheyear2011-12whosedatawerepreservedtovalidatethemodel. Wecansee
howbothplotsshowagoodperformanceoftheproposedvinecopulamodel.
3.4 Conclusionandextensions
InthisChapter,wehaveproposedavinecopulamodelformodelingtherelationshipbetweenthe
glacierdischargeandothermeteorologicalvariables,suchas,temperature,humidity,solarradia-
tionandprecipitation.Theprobabilityofzerodischargeforeachfuturedayisdeterminedgiven
theobservedvaluesofthemeteorologicalvariables.Also,thepredictivevalueofthedischargeis
obtainedfromitsconditionaldistributiongiventheobservationsofthemeteorologicalvariables.
ThismodelhasbeenappliedtothedatacolectedbyGLACKMAfromtheglacierColinsbetween
2002and2012.Thedatabasehasbeendividedintofourperiodsandtheparametershavebeen
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Figure 3.10: Time series of the observed values of the discharge, prediction with c-vine and bivariate copula models
and 95% credible intervals for the c-vine model in the year 2011-12 whose data have been used to validate the model.
The bottom of the plot shows the conditional probability of discharge of each day in a scale from red (probability zero)
to green (probability one). The left panel shows the comparison between the observations and the predictions.
adjusted to obtain the joint distribution of the five variables in each one of these periods. The
model shows good performance for all the periods.
Observe that in this work we have assumed a fixed order of the variables. Although different
orders produce different c-vine copulas, we have observed that the conditional probability of
discharge and the predictive discharge have quite similar results among the different models.
However, different vine copula structures and more bivariate copulas could be analyzed in order
to achieve better results.
The monitor station in King George island has been registering data that have not been
already collected by the GLACKMA association. Our intention is to validate our proposed
model with these new data whenever they are available. Moreover, the proposed model could
be used in other glaciers whose discharge data is being collected by this association from their
Pilot Experimental Watersheds. Furthermore, the model could be used to predict the discharge
in glaciers where measuring the real discharge is complex and only the meteorological data is
available.
Chapter 4
Hierarchical Vine copula models for the
analysis of glacier discharge
The main purpose of this Chapter is to obtain the parameters of the model presented in Chapter 3
under the point of view of the Bayesian Statistic. One possibility could be to follow the same
procedure as in Section 2.2, i.e., calculating the likelihood for the model parameters for each
period and each group independently, and obtaining a sample of the posterior distribution of the
parameters with a Gibbs sampling schema. Instead of this, our thesis now is that the relationship
between the same pair of nodes in each c-vine structure is driven by common hyperparameters,
regardless of the period or group which they belong to. That is, the dependence between
temperature and humidity, for instance, is driven by the same hyperparameters regardless of
the season of the year and to the fact of having or not discharge or precipitation. In summary, we
propose a hierarchical model over the relationships between the variables of model explained in
Chapter 3.
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Figure4.1:Overviewofthehierarchicalstructureofthemodel,where3ofthe10pairsofhyperparametersandtheir
dependentparametersarerepresented.
4.1 Proposedmethodology
Inordertoreducethecomputationalcost,wehavedecidedtouseatwo-stepalgorithm,thatis,
ﬁrstlywewilcomputethemarginaldistributionparametersandthenwewilobtainthecopula
parameters. Themarginaldistributionparametersofeachvariablehasbeendetermined,for
example,withclassicalmethodsliketheoneswehaveshowninSubsection3.1.4.So,thevalues
of havealreadybeencalculated,where representsal
possibleedgesinthec-vines,and arethecombinationsofgroup,
whichdependonthepresenceornotofnon-zerodischarge/precipitation,andperiod,whichare
describedinTable3.3a.Forinstance,thesuperscript correspondstothegroupwithpositive
dischargeandzeroprecipitationinthesecondperiod.
Inthesecondstep,weproposeahierarchicalmodelforeachparameterinthec-vinestructures
ofthefourgroupsandthethreeperiods. ThehierarchicalmodeltogetherwiththeBayesian
techniquesalowustofacethescarcityofdatainsomecombinationsofgroupandperiod.Fig.
4.1showssomeexamplesoftherelationshipsbetweentheparametersandthehyperparameters
inourhierarchicalmodel.
Then,wewanttosamplefromtheparameterposteriordistributionforthec-vinecopulaof
eachgroupandeachperiod. Thatis,weneedtosamplealthe . Asweknowthedirect
aRememberthatforthefourthperiodthereisnoneedofparametersbecauseofthedischargeisalwayszero.
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relationshipbetweenthecopulaparametersandtheKendal giventhecopulafamily,see
Table1.3,wehavedecidedtosamplefromtheposteriordistributionof insteadoftheposterior
distributionof .Ontheotherhand,thevaluesof havesupportin ,ifthecopulafamily
isClayton,GumbelorJoe,andhavesupportin ,ifthecopulafamilyisGaussianorFrank.
Then,wehavedecidedtoextendthesesupportsto witha transformation. Then,our
modelwouldbe,
b
where , , and are
thefunctionsthattransform into,whichdependonthecopulafamilyselectedandareshowed
inTable1.3.
4.1.1 RWMHalgorithm
Firstly,wedevelopaRWMHalgorithmtosamplefromtheposteriordistributionofthe . We
haveselecteda2-stepalgorithm:
1.Sample
2.Sample
Fortheﬁrststep wehavea Normal-Gammadistribution,then weknowtheconjugate
b ifthe ∈ likeinClayton,GumbelandJoecopulas.
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posteriordistributionandwecansampledirectlyfromit:
where
with isthemeanof , isthestandarddeviationof and or dependingonthe
numberofparametersassociatedtoeachpairofhyperparameters.
Forthesecondstep,weproposeaGibbssamplingschemawhichiscarriedoutbycycling
repeatedlythroughdrawsofeachparameterconditionalontheremainingparameters(Tierney
(1994).Inparticular,weselectasimpleone-dimensionalRWMHwhereeachmodelparameter
isupdatedseparatelyusingnormalcandidatedistributionswhosemeanisgivenbytheprevious
valueofeachparameterinthealgorithmand whosevariancecanbecalibratedtoobtain
goodacceptancerates.Theparameterpriordistributionsforthemodelareneeded,sincethe
parametersdependonthevaluesofthehyperparametersobtainedinthepreviousstepweneed
theinducedpriors,whichmustbeobtainedwiththetransformationfunction,,as
inourcasewehavetwotransformationfunctions,whichdependontherangeofvaluesofthe:
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Thentheinducedpriorswilbe,
Finaly,thelikelihoodofthec-vinecopulaiscomputedasthesumofthelikelihoodofal
thebivariatecopulasinitsstructure. Oncewehaveobtainaparameterforalthecopulasin
thediferentc-vinestructures,wetransformthemintothe,withthelogittransformation,and
usethemtoactualizethevalueofthehyperparametersontheﬁrststep.Thesteps1and2are
executedrepeatedlyuntiltheconvergenceisachievedandtheMCMChasthedesiredlength.
4.1.2 ABCalgorithm
Now,wedevelopanApproximateBayesianComputationalgorithm(ABC)tosamplefromthe
posteriordistributionofthe . WeconsiderforourworkthealgorithmproposedbyBeaumont
etal.(2002),whichhasbeenimplementedintheR-packageabc(Csile´ryetal.(2012). So,
ouralgorithmwilbeasfolows:Firstly,weneedthesummarystatisticsoftheobservationsto
comparethemwiththeonesobtainedwiththeproposedparameters. Althoughtheyarenot
sufﬁcientstatistics,wehavechosentheKendal rankcorrelationbetweeneachpairofnodes
inthec-vinestructures. Then,wehaveavector withthesecorrelations.Fortheproposed
hyperparameters,wesimulateabigamountof10-dimensionalvectors ,andthe
sameamountof10-dimensionalvectors ,where
, .
Foreachpair ,wesimulate12values ,thesearetransformed
into withthelogittransformation,andthe aretransformedinto withthecorresponding
functionfromTable1.3,andtheapropriatecopulafamily. Observethatwedonotusethe12
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valuesineverycaseconsideringthatnotalthec-vineshavethesamenumberofnodes.Table4.1
showsinwhichedgesofthec-vinestheparametersareneeded.
Nowwehavethec-vinestructureswiththeproposedparameters ,thatcorrespondswith
thecolumnsoftheTable4.1.Ineachoneofthesec-vineswecansimulatevaluesand,then,we
canobtaintheKendal rankcorrelationbetweeneachpairofc-vinenodesineachsimulation,
thatis,thesummarystatistics. Then,wehave () ,theproposedparametersinstepi
() ,andthesummarystatisticsofthesimulationsobtainedwith
theseparameters .TheEuclideandistancebetween andeach
iscalculated: .Thesubsetof whoseEuclideandistance
to issmalerthanatolerancethreshold,,isselected. Wedenoteas theindexoftheselected
parameters.FolowingtheideaofBeaumontetal.(2002),weperformalocallinearregression
methodinordertocorrecttheimperfectmatchbetween and .Then,weneedtominimize
theexpression,
where isavectoroflinearregressioncoefﬁcients.Simulations whosedistanceto issmaler
aregivenmoreweight, ,where istheEpanechnikovkernel.Finaly,asamplefrom
theposteriorparameterdistributionisobtainedbycorrectingthe withtheexpression:
ﬁnaly, wilbesampleoftheposteriordistributionofthehyperparameters.
4.2 Simulateddata
InthisSection,wecomparetheproposedRWMHandABCalgorithmswithanartiﬁcialsampleof
ahierarchicalmodeloffourgroups,of3,4,4and5c-vinesrespectivelyandthreeperiods.Table
4.2showssomeoftheresultsobtainedwithbothmethods.Inparticulartheonesobtainedforone
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Period1 Period2 Period3
00 01 10 11 00 01 10 11 00 01 10 11
x x x x x x x x x x x x
x x x x x x x x x x x x
x x x x x x
x x x x x x
x x x x x x x x x x x x
x x x x x x
x x x x x x
x x x x x x
x x x x x x
x x x
Table4.1:Relationbetweenhyperparametersandneeded −valuesineachedge,periodandgroup.
RWMH ABC
Truevalue mean( credint.) mean( credint.)
0.317 0.324(0.297,0.353) 0.279(0.232,0.322)
0.561 0.565(0.524,0.606) 0.528(0.504,0.550)
0.776 0.783(0.771,0.795) 0.751(0.706,0.794)
-0.193 -0.235(-0.299,-0.172) -0.209(-0.247,-0.173)
0.675 0.670(0.643,0.695) 0.632(0.596,0.667)
0.622 0.621(0.579,0.661) 0.638(0.600,0.677)
Table4.2:Comparisonbetweenthetruevaluesandtheonesobtainedbothalgorithms,foroneofthe4-nodec-vines
inthesecondperiod.Theﬁrstvalueisthetruevalue,thesecondoneisthemeanoftheMCMCandﬁnalythereisthe
credibleinterval.Resultsforsimulateddata.
ofthe4-nodec-vineinthesecondperiod.Fig.4.2showsthecomparisonoftheposteriorsamples
oftheparametersobtainedwithbothmethods.Apparently,theresultsontheABCmethodare
closertothetruevaluesthantheonesobtainedwiththeRWMHalgorithm.Alsowehavemeasure
theexecutiontimeofbothmethods.Table4.3showssomeoftheexecutiontimesobtainedforboth
algorithmscoverthesimulateddata.TheABCalgorithmis,approximately,a fasterthan
RWMHalgorithm.ThistesthasbeendonewithadesktopcomputerwithaIntel(R)Core(TM)
i5-330MCPU@2.60GHzprocessor.
WehaveusedthesesimulateddatawiththealgorithmofthepreviousChapterwiththeaim
cTheRWMHalgorithmneeds2,000iterationstoachieveconvergence.
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Figure4.2:Boxplotofthesampleoftheparameterposteriordistributionforthe5-nodec-vineofthesecondperiodin
thehierarchicalmodel.Resultsforsimulateddata.
Time
Length Acep./tol. RWMH ABC
10,000
30,000
50,000
Table4.3:ExecutiontimesofRWMHandABCalgorithms,obtainedwithadesktopcomputerwithaIntel(R)Core(TM)
i5-330MCPU@2.60GHzprocessor,fordiferentlengthsofthesamplesoftheparameterposteriordistributions.Results
forsimulateddata.
ofcomparing,asfaraspossible,bothmethods.Sinceinthecaseofclassicalinferencewehavea
pointestimation,wehavecomparedthevalueswiththemeansofthechainsobtained,withthe
algorithmABCandwiththetruevaluesofthetauparameters.Inalmostalcasestheaverageof
thechainsisclosertothetruevalueofthetaufortheABC-hierarchicalalgorithm.Inaddition,the
meanvalueofthedistancefromtheestimatedparameterstothetrueonesis0.110forthepoint
estimationalgorithmand0.059fortheABC-hierarchicalalgorithm.
Also,thesesimulateddatahavebeenusedwithanABCalgorithm,butassumingthatthe
modelinnothierarchical. Thedistancestothetruevaluesarelargerthantheonesofthe
hierarchicalmodel,specialyforgroupswithfewdata. Themeanvalueofthedistancefrom
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Figure4.3:Densityoftheposteriorsampleobtainedwithahierarchicalandanon-hierarchicalABCalgorithms.The
numberbeloweachplotisthenumberofobservationsusedinthealgorithms. Resultsforsimulateddatafroma
hierarchicalmodel.
theestimatedparameterstothetrueonesis0.066fortheABC-non-hierarchicalalgorithmand
0.059fortheABC-hierarchicalalgorithm.Asanexample,Fig.4.3showsthedensityplotofthe
posteriordistributionsampleof3ofthe75copulaparameters. Wecanseethattheuncertaintyis
smalerwhenweassumethehierarchicalmodel.
4.3 ApplicationoftheABCalgorithm
InthisSection,weapplytheproposedABCmethodologytothedataprovidedbyGLACKMA
fromtheircatchmentareainglacierColinsinKingGeorgeIsland.AsitisexplainedinSection
4.1,theparameterforthemarginalfunctionshavebeenpreviouslycalculatedasinSection3.3.
Also,wesupposethatthecopulafamiliesforeachedgeinthec-vinestructuresareknown.Then,
weonlyhavetoobtainthesampleoftheposteriorparameterdistributionforthe valuesof
eachedge.
Table4.4showsthe mean,posteriordeviationand credibleintervalsforthecopula
parametersineachedgeofthec-vinesthatresultsafterapplyingtheABCalgorithmoverthe
glacierobserveddata. Notethattheemptycelscorrespondtoedgeswheretheindependence
copulahasbeenplaced.
AsinthepreviousChapter,wehaveobtainedtheprobabilityofhavingzerodischargegiven
86 CHAPTER4. HIERARCHICALVINECOPULAMODELS
F 3.95(2.13) (1.01,8.08) J 1.94(0.31) (1.44,2.63) N 0.42(0.04) (0.34,0.49)
J 1.27(0.06) (1.15,1.38) N 0.11(0.12) (-0.11,0.34) N 0.31(0.02) (0.26,0.35)
N -0.39(0.02) (-0.42,-0.35) F -2.84(0.57) (-4.04,-1.80) F -0.83(0.10) (-1.02,-0.64)
F 3.82(1.23) (1.73,6.58) J 2.23(0.12) (2.01,2.47) F 3.30(0.15) (3.01,3.61)
N -0.13(0.02) (-0.16,-0.09) F -1.15(0.11) (-1.37,-0.94) F 1.46(0.56) (0.42,2.57)
J 1.63(0.13) (1.39,1.91) C 0.48(0.06) (0.35,0.60) J 1.23(0.27) (1.00,1.90)
N -0.19(0.15) (-0.48,0.12) N -0.19(0.02) (-0.23,-0.15) F -1.23(0.10) (-1.43,-1.04)
C 0.51(0.16) (0.21,0.84) N 0.74(0.01) (0.73,0.75) C 0.93(0.44) (0.24,1.88)
N -0.35(0.02) (-0.39,-0.29) N -0.15(0.05) (-0.24,-0.05) F -0.33(0.28) (-0.89,0.21)
C 1.45(0.07) (1.30,1.59) C 0.71(0.08) (0.56,0.86) F 1.81(0.37) (1.11,2.57)
F -0.94(0.04) (-1.02,-0.85) C 0.46(0.15) (0.18,0.80) J 1.39(0.07) (1.27,1.53)
C 0.64(0.29) (0.14,1.30) F 4.57(0.86) (3.03,6.54) G 1.40(0.09) (1.24,1.60)
F -2.22(0.24) (-2.71,-1.73) N -0.35(0.01) (-0.38,-0.32) F -3.73(0.40) (-4.60,-2.97)
C 0.78(0.19) (0.43,1.16) F 1.18(0.22) (0.73,1.63) N -0.08(0.20) (-0.46,0.31)
N 0.19(0.08) (0.03,0.34) F 2.10(0.45) (1.19,3.03) F 0.36(0.37) (-0.39,1.08)
C 0.91(0.14) (0.65,1.21) C 0.59(0.25) (0.14,1.11) F 2.75(0.07) (2.61,2.90)
F 0.07(0.29) (-0.49,0.60) N 0.02(0.06) (-0.09,0.13) F -0.89(0.51) (-1.96,0.09)
F 2.71(0.28) (2.21,3.26) F 1.02(0.49) (0.06,1.99) F 1.63(0.11) (1.43,1.85)
N 0.37(0.01) (0.35,0.39) F 5.23(0.49) (4.31,6.29) J 1.94(0.05) (1.84,2.04)
N -0.18(0.04) (-0.26,-0.10) N -0.20(0.02) (-0.25,-0.15) F -1.85(0.11) (-2.06,-1.64)
F 1.49(0.32) (0.86,2.14) F 1.79(0.13) (1.53,2.06) C 0.50(0.06) (0.39,0.62)
F 1.69(0.15) (1.38,1.98) C 0.41(0.20) (0.05,0.86) F -0.56(0.12) (-0.81,-0.31)
F -1.13(0.22) (-1.58,-0.71) N -0.30(0.07) (-0.43,-0.16) N -0.02(0.07) (-0.15,0.12)
N -0.07(0.05) (-0.17,0.02) C 0.59(0.17) (0.27,0.96) N 0.23(0.02) (0.18,0.28)
N 0.11(0.11) (-0.13,0.33) N 0.24(0.03) (0.18,0.29) F 0.82(0.31) (0.23,1.43)
Table4.4:Modelparametersforthecopulasineachc-vinestructure.Eachparameterisobtainedasthemeanofthe
parameterposteriorsample.Theposteriordeviationisthenumberbetweenparenthesis.Thethirdcolumnofeach
parameteristhecredibleinterval.Theseresultsarefortheglacierobserveddata.
theobservedvaluesoftheothermeteorologicalvariables.Inthiscase,oneprobabilityisobtained
foreveryvalueintheparametersposteriorsampleandeveryday,andthen,themeanorthe
medianoftheseprobabilitiesforeachdayhasbeenobtained.Table4.5showsthecomparison
betweentheobservedandpredicteddischarge. Asonecansee,theresultsareverysimilarto
theobtainedwiththeclassicalinference.Now,wecouldplottheevolutionoftheprobabilityof
havingzerodischargeconditionedtodiferentvaluesofthemeteorologicalvariables,butwecan
addtotheseevolutionsthe credibleintervalsprovidedbytheBayesianpointofview.Fig.
4.4showstheevolutionoftheseprobabilities.
Furthermore,valuesofthepredictivedischargeconditionedtotheother meteorological
variablesarecalculatedwiththeposteriorparametersample. Then,wecanobtainthemean
orthemedianforeachday,butalso,similarlyaswedoinSection3.3.3,weproposeaprediction
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Predicted
2002-2011 2011-2012
Total Total
Observed 1894 138 2032 207 20 227225 1070 1295 32 107 139
Table4.5:Comparisonbetweenobserveddischargeandpredictionswiththevinecopulamodel.Ontheleft,fordays
withthedatausedtoﬁtthemodel(2002-2011).Ontheright,forthedaysofthelastyear(2011-2012),usedtovalidate
themodel.
2002-2011 2011-2012
Bayesian Classical Bayesian Classical
Vinemodel Logisticmodel Vinemodel Vinemodel Logisticmodel Vinemodel
Global 0.0771 0.0643 0.0607 0.1106 0.0815 0.0761
Period1 0.1431 0.1401 0.1314 0.3041 0.2474 0.2900
Period2 0.0514 0.0359 0.0320 0.0720 0.0254 0.0240
Period3 0.2451 0.1999 0.1904 0.2271 0.1861 0.1463
Table4.6:
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ComparisonbetweentheBrierScorefortheconditionalprobabilityobtainedwithBayesianinference
comparedwiththeoneobtainedwithclassicalinference(logisticregressionandvinecopulamodel). Ontheleft,
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validatethemodel.
Figure4.4:Evolutionoftheprobabilityofhavingno-dischargeduringtheﬁrstperiodconditionedtodiferentvalues
ofthemeteorologicalvariables.Dashedlinescorrespondstothe credibleintervalsoftheseprobabilities.
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2002-2011 2011-2012
Model Method SME MAE SME MAE
Vinecopulamodel
Mean 0.00813 0.04344 0.01016 0.04949
Median 0.00772 0.03985 0.01059 0.04892
Prop.method 0.00756 0.03646 0.01110 0.04238
Table4.7:Errorsofthepredicteddischargewhenc-vinemodel,estimatedwiththeABCmethod,isused.Theﬁrsttwo
columnshavebeenobtainedwiththedatausedtoﬁtthemodel.Theothertwohavebeenobtainedwiththedataof
thelastyear,usedtovalidatethemodel.
methodthatassignsazerovalueiftheprobabilityofzerodischargeisgreaterthan orthe
correspondentvalueifthisprobabilityisless.Thisisdonewitheveryelementofthesamples.
Finaly,wecanobtainthemeanorthemedianforeveryday.Table4.6showstheBrierScore
(3.13)fortheconditionalprobabilityobtainedwiththeABCalgorithm,theresultsarecompared
withtheonesobtainedinthepreviousChapter.Table4.7showstheMSE(3.14)andtheMAE
(3.15)whenthepredictionsofthemodelarecomparedwiththeobservedvalues.
Fig. 4.5showsthepredictivedischargecomparedwiththeobservedvaluesfortheyear
2005-06.Thepredictedvaluesforthedischarge,intheplotattheleft,havebeenobtainedwiththe
meanwhereasthepredictionsontherightplothavebeenestimatedwiththeproposedmethod.
Atthebotomofeachplotwehaveplottheconditionalprobabilityofzerodischargeforeachday
inascalefromred(probabilityzero)togreen(probabilityone).Theproposedmethodseemsto
bemoreconservativeandprovidespredictivedischargesmalertheoneobtainedwiththemean
inperiods1and3.Forperiod2thepredictionsarealmostthesameinbothmethodsbecausethe
probabilityofdischargezeroissmalerthan .
4.4 Conclusionandextensions
InthepreviousChapter,weproposedamodelthatdividedthedataintoperiodsoftimethrough
theyearandintogroups,dependingonthepresenceornotofdischargeand/orprecipitation,
andusedc-vinecopulasto modeltherelationshipwithineachcombinationofperiod-group
independentlyofeachother.InthisChapter,weusethesamestructuretosearchamodelforthe
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Figure 4.5: Time series of the observed values of the discharge, prediction with c-vine model and 95% credible intervals
in the year 2005-06. On the left for the mean and on the right for the proposed method. The bottom of each plot shows
the conditional probability of zero discharge for each day in a scale from red (probability zero) to green (probability
one).
data, but now, we have supposed that the relationships between the different nodes in the c-vine
structures are not independent through the time or the groups, but they come from distributions
with common hyperparameters. Therefore, we have proposed a hierarchical model in which the
relationships between the same nodes in the different c-vines come from the same distribution.
For instance, the relationship between temperature and humidity in a group where there is neither
discharge nor precipitation is related to the relationship between temperature and humidity in a
group with positive discharge and precipitation.
Furthermore, we wanted to make inference over the parameters of this model using the
Bayesian point of view. We have compared two algorithms to obtain samples of the parameter
posterior distributions. Every iteration of the first one has two recursive steps. In the first step, the
hyperparameters are updated directly from the conjugate of a Normal-Gamma distribution, with
the last values of the parameters. In the second step, the parameters are updated with a RWMH
algorithm in which the parameter prior distributions change, depending on the last values of
the hyperparameters. The second algorithm is based on Approximate Bayesian Computation
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(ABC), improved with a weighted local linear regression. In this algorithm, random sets of
hyperparameters and parameters are compared, via summary statistics, with the observed data,
in order to select the subset of the most similar parameters to the real ones. The results obtained
with both algorithms are quite similar, but the ABC algorithm is faster.
The ABC algorithm has been applied to the GLACKMA database. The results are quite similar
those ones obtained in Chapter 3, but now we have a sample from the parameter posterior
distributions and, for instance, we can add the credible intervals both to the probability of
discharge and to the predictive discharge for each of the days.
Other variations of the ABC algorithms appear in the literature and they could be adapted to
our hierarchical model and compared the execution times and the obtained results. Another
possibility would be to integrate the parameter of the mixture distribution functions of the
variables into the hierarchical model, but in this case the amount of variables will increase
considerably. Also, more vine structures, like the so called Regular-vine copulas, which include
the c-vine copulas, could be considered. Also, It will be very interesting to include more variables
such as the direction and speed of the wind. There are studies that show how they have influence
on glacier melting in the Antarctica (Orr et al. (2008)).
Comparison between the different glaciers monitored by GLACKMA could be done analysing
the correspondent model parameters of each one.
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AppendixA
AppendixtoChapter2
HereissomeauxiliarymaterialofChapter2.
Inthisappendix,weexplainindetailtheproposed MCMCalgorithmtosamplefromthe
posteriordistributionofthemodelparameters, .Recalthattheloglikelihood
isgivenby:
(A.1)
(A.2)
(A.3)
(A.4)
WeconstructaGibbssamplingschemewhereeachmodelparameterisupdatedseparately.
Therefore,itisnotnecessarytocomputethewholelikelihoodforeachparameter.Inparticular,
whenupdatingtheparameterscorrespondingtothetemperature, ,itisonlynecessaryto
consider(A.1),(A.3)and(A.4). Whenupdatingthedischargeparameters, ,only(A.2),(A.3)
and(A.4)areevaluated.Andﬁnaly,forupdatingthecopulaparameters, ,only(A.3)and(A.4)
areconsidered.
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ThestructureoftheproposedMCMCmethodisshowninAlgorithm4.Firstly,itisrequired
tosetavectorofinitialvaluesfortheparametersandthenumberofMCMCiterations.Then,in
eachstepofthealgorithm,eachmodelparameterisupdatedusingaRWMHwhichisdeﬁnedin
Algorithm5.Observethatthealgorithmiswritensuchthatitisnotnecessarytorecalculatethe
likelihoodthatwasevaluatedinpreviousstepforacceptedparameters.Finaly,Algorithms1,2
and3separatethecomputationofthelikelihoodasthesumofthelog-likelihoodtemperature,
dischargeandcopula,respectively.
ThesealgorithmshavebeenprogrammedinsoftwareR(RCoreTeam2013)withthehelpof
theCDVinepackage(BrechmannandSchepsmeier(2013).
Algorithm1Likelihoodtemperature
Require:
1:procedure
2: Calculatemarginaldistributionparameters
3:
4:
5:
6:endprocedure
Algorithm2Likelihooddischarge
Require:
1:procedure
2: Calculatemarginaldistributionparameters
3:
4: Onlywhen
5:endprocedure
Algorithm3Likelihoodcopula
Require:
1:procedure
2: Calculateranktauparameter
3: Obtain from Dependsontheselectedcopula
4: when and when
5:endprocedure
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Algorithm4MCMCalgorithm
Require:temperatureanddischargeseries,initialvaluesfor , iterations().
1:procedure
2: Calculate withtheinitialvalues
3: Calculate withtheinitialvalues
4: Calculatelikelihood withthe
initialvalues
5: ifl2= then
6: ErrorMessage:”Incorrectinitialvalues”
7: endif
8: Calculate algorithms(1)and(3)
9: Calculate algorithms(2)and(3)
10: for do
11: for do =numberofparametersoftemperaturemodel
12: runRWMH algorithm(5)fortemperatureparameters
13: ifnewparameterisacceptedthen
14: Update and
15: endif
16: endfor
17: for do =numberofparametersofdischargemodel
18: runRWMH algorithm(5)fordischargeparameters
19: ifnewparameterisacceptedthen
20: Update and
21: endif
22: endfor
23: for do =numberofparametersofcopulamodel
24: runRWMH algorithm(5)forcopulaparameters
25:
26: endfor
27: endfor
28: Eliminateburn-inperiodofchains
29:endprocedure
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Algorithm5RandomWalkMetropolisHastings
Require:
1:procedure
2: Simulate
3: if then thenumberofcomponentsinFourierseries
4: mod (ormod if )
5: endif
6: Constructcandidatevector:
7: if then
8: algorithm(1)
9:
10: Calculate
11: algorithm(3)
12:
13: endif
14: if then
15:
16: algorithm(2)
17: Calculate
18: algorithm(3)
19:
20: endif
21: if then
22:
23:
24: algorithm(3)
25:
26: endif
27: Recover frompreviousiteration
28: Compute
29: if then
30:
31: else
32:
33: endif
34:endprocedure
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HereissomeauxiliarymaterialofChapter3.
B.1 Algorithm
Inthisappendix,weexplainthealgorithmtoobtainthepredictivevaluesofthedischargewith
theconditionalprobabilitygivenin(3.10).Algorithm6detailstheestimationproceduretoobtain
thepredictive meanoftheglacierdischargegiventhetemperature,humidity,radiationand
precipitation.
Forthecasethatwewanttoestimatethepredictivemedianofthedischarge,wemayreplacein
Algorithm6theinstructions(6)and(16)by“Compute ”and“Compute
”respectively.
Finaly,forthelastpredictionmethod,theconditionalprobability, is
estimatedatthebeginningofthealgorithmandthen,itispredictedthat iftheestimated
probabilityofzerodischargeisgreaterthan orobtainedwiththealgorithmifitissmaler.
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Algorithm6Predictivedischarge(usingthemean)
Require:Valuesofmeteorologicalvariables: ,c-vinecopulaparameters: anddistribu-
tionfunctions:
1:procedure
2: ifp=0then
3: Compute , and
4: Compute and
5: Compute
6: Simulate
7: Obtainthevalue thatverify
8: Obtainthevalue thatverify
9: Obtainthevalue thatverify
10: Obtain
11: else
12: Compute , , and
13: Compute , and
14: Compute and
15: Compute
16: Simulate
17: Obtainthevalue thatverify
18: Obtainthevalue thatverify
19: Obtainthevalue thatverify
20: Obtainthevalue thatverify
21: Obtain
22: endif
23:endprocedure
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B.2 Densityfunctionsascopulas
Thejointdensityfunctionsin(3.1c)and(3.1d)canbeexpressedintermsofavinecopulasas,
(B.1)
(B.2)
wherethesuperscriptsdenotetheconditionofzeroornon-zeroofdischargeandprecipitation
values: and ,and(omitingthesuperscriptsformore
clarity)
,
, ,
, , ,
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, , , ,
andsimilarexpressionsfortheothervariables
andsimilarexpressionsfortheothervariables
andsimilarexpressionsfortheothervariables
Fig.3.6showthestructuresofthediferentc-vinecopulasusedinthispaper.
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HereissomeauxiliarymaterialofChapter4.
Algorithm7 (forc-vine)
Require:data: ,c-vinestructure:familyandcopulaparameterineachedge
1:procedure
2: for do
3: Calculate
4: Calculate TheKendal correlation
5: endfor
6: for do
7: Calculate
8: Calculate
9: endfor
10: for do
11: Calculate
12: Calculate
13: endfor SomanyFor-loopsas youhave
14: Set Thesummarystatistic
15:endprocedure
aNotethemodeliscomposedby12c-vinestructuresofdimension3,4and5.
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Algorithm8ABC,withlocalregressionadjustment,forhierarchicalmodel.
Require:Observeddata: ,c-vinestructurea:familyandcopulaparameterineachedge,
tolerancethreshold.
1:procedure
2: algorithm(7)ineveryc-vinestructure.
3: ,where Mvectorsofdimension12.
4: ,where Mvectorsofdimension12.
5: where Mmatricesof rowsand columns.
6: iffamily=(GaussianCopula,FrankCopula)then
7: :
8: else Gumbel,Clayton,Joe
9: :
10: endif Mmatricesof rowsand columns
11: : where isinTable1.3. Everycolumnofeverymatrixcorresponds
toaonec-vinestructure.Mmatricesof rowsand columns.
12: for do
13:
14: algorithm(7)ineveryc-vinestructure.
15: TheEuclideandistance.
16: endfor
17: Select .
18: Compute TheEpanechnikovkernel
19: Find and thatminimize Locallinearregression
20: Compute
21: Return sampleoftheposteriorparameterdistribution.
22:endprocedure
